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Abstract 

A wandering domain for a diffeomorphism 4' of A" = T*T” is an open connected 
set W such that r^W = 0 for all fc e Z*. We endow A" with its usual exact 

symplectic structure. An integrable diffeomorphism, i.e. the time-one map of a 
Hamiltonian h: A" —> R which depends only on the action variables, has no nonempty 
wandering domains. The aim of this paper is to estimate the size (measure and Gromov 
capacity) of wandering domains in the case of an exact symplectic perturbation of 
in the analytic or Gevrey category. Upper estimates are related to Nekhoroshev theory, 
lower estimates are related to examples of Arnold diffusion. This is a contribution to 
the “quantitative Hamiltonian perturbation theory” initiated in previous works on the 
optimality of long term stability estimates and diffusion times; our emphasis here is 
on discrete systems because this is the natural setting to study wandering domains. 

We first prove that the measure (or the capacity) of these wandering domains 

is exponentially small, with an upper bound of the form exp ( — c(i) 2"“), where e 
is the size of the perturbation, a > 1 is the Gevrey exponent (a = 1 for analytic 
systems) and c is some positive constant depending mildly on h. This is obtained as a 
consequence of an exponential stability theorem for near-integrable exact symplectic 
maps, in the analytic or Gevrey category, for which we give a complete proof based 
on the most recent improvements of Nekhoroshev theory for Hamiltonian flows, and 
which requires the development of specific Gevrey suspension techniques. 

The second part of the paper is devoted to the construction of near-integrable 
Gevrey systems possessing wandering domains, for which the capacity (and thus the 
measure) can be estimated from below. We suppose n ^ 2, essentially because KAM 
theory precludes Arnold diffusion in too low a dimension. For any a > 1, we produce 
examples with lower bounds of the form exp ( —c(-) ^ ^ This is done by means 

of a “coupling” technique, involving rescaled standard maps possessing wandering 
discs in A and near-integrable systems possessing periodic domains of arbitrarily large 
periods in A”“^. The most difficult part of the construction consists in obtaining a 
perturbed pendulum-like system on A with periodic islands of arbitrarily large periods, 
whose areas are explicitly estimated from below. Our proof is based on a version due 
to Herman of the translated curve theorem. 
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0 Introduction 


0.1 Let A” = X be the cotangent bundle of the torus ¥"■, endowed with its 
usual angle-action coordinates {6, r) and the usual exact symplectic form. What we call 
an integrable diffeomorphism is the time-one map of the flow generated by an integrable 
Hamiltonian, i.e. a Hamiltonian function which depends only on the action variables r; the 
phase space is then foliated into invariant tori T” x r® e carrying quasiperiodic 
motions. We are interested in near-integrahle systems, i.e. exact symplectic perturbations 
of an integrable diffeomorphism, and their wandering sets. 

A wandering set for a diffeomorphism 'h of is a subset W a A” whose iterates 
k e Z, are pairwise disjoint. The Poincare recurrence theorem shows that any 
wandering set of an integrable diffeomorphism has zero Lebesgue measure. It is more 
difficult to prove that wandering sets with positive measure may exist for near-integrable 
systems. In fact KAM theory shows that they cannot exist for n = 1 (at least when 
restricting to perturbations of non-degenerate integrable maps). In |MS04] . examples 
of near-integrable systems possessing nonempty wandering domain^, thus with positive 
measure, have been constructed for any n ^ 2. 

The aim of the present work is to estimate, from above and from below, the possible 
“size” of the wandering sets of a near-integrable system as a function of the “size of the 
perturbation”. We dehne the size of the perturbation to be the distance between the 
near-integrable system and the integrable map of which it is a perturbation, assuming 
that all our functions belong to a Gevrey class and measuring this distance in the Gevrey 
sense. For Gevrey classes, we use the notation where a ^ 1 is a real parameter; recall 
that coincides with the analytic class, while the classes G“, a > 1, are larger and more 
flexible, in particular they contain bump functions. 

As for the size of wandering sets, we consider two natural candidates: the Lebesgue 
measure and the Gromov capacity. The former can be seen as the “maximal” possible one 
and is related to the theory of transport. The latter is the “minimal” possible one and is 
directly related to the symplectic character of our problem. 

Our aim is to find explicit upper bounds for the measure of wandering Borel subsets 
and “test” their optimality by constructing examples of near-integrable systems possessing 
wandering sets whose capacity is estimated from below. 

Our upper estimates are closely related to the long term stability estimates in per¬ 
turbation theory, initiated by Nekhoroshev. Since usual estimates deal with continuous 
systems, we hrst have to transfer the whole theory to the discrete setting, which is done by 
adapted suspension techniques. The resulting estimates hold for near-integrable systems in 
all Gevrey classes G°‘, a ^ 1: for such systems, the actions remain almost constant during 
exponentially long times. As a consequence, taking into account the measure-preserving 
character of symplectic diffeomorphisms, we prove that for any G" near-integrable system 
the measure of a wandering Borel subset is exponentially small with respect to the size of 
the perturbation. 

Our lower estimates deal with the capacity of the wandering sets. The interest of this 
is twofold: first, the measure of a set is always larger than a positive power of its capacity 

^We call domain an open connected subset of A". 
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(up to an explicit multiplicative factor), so lower bounds for the capacity entail lower 
bounds for the measure; second, capacity is a truly symplectic notion. The capacity of 
a set is in general extremely difficult to compute, however we will design our “unstable” 
examples so that they admit wandering polydiscs [i.e. products of discs in each factor 
of h^'). In that case the capacity is just the minimum of the areas of the factors. Our 
constructions rely strongly on the existence of bump functions. So, as in [MSO.Sj and 
|MS04] . we produce our examples in the classes for a > 1 only. A striking fact is that 
the lower bounds on the capacity admit the same exponential form as the upper estimates 
deduced from Nekhoroshev theory. This is the main result we get here about instability in 
near-integrable systems. Related results on the existence of periodic domains with large 
periods will also be obtained in the course of the proof of the main instability result. 

Before stating our results more precisely, let us now give a brief overview of the evolu¬ 
tion of results in perturbation theory, in order to introduce the main tools we will use in 
the sequel. 

0.2 We begin with stability results. The stability problem for perturbations of integrable 
Hamiltonian systems originated in the first investigations on the secular stability of the 
solar system. At this early stage, the main question was to understand the behaviour of 
the linearised equations along a particular solution. Then, under the influence of Poincare, 
this purely local vision experienced a drastic metamorphosis towards a global qualitative 
understanding of the asymptotic behaviour of the orbits. He introduced a fundamental 
tool—amongst many others—for such a qualitative description: the method of normal 
forms, that is, the construction of simplified systems which nevertheless exhibit the pre¬ 
eminent features of the initial one. The theory of normal forms was further developed by 
Birkhoff, and thoroughly investigated since then by a number of authors. 

It was also a fundamental contribution of Poincare to distinguish between two different 
modes of “convergence” of series: convergence au sens des astronomes and convergence 
au sens des geometres. The latter coincides with our usual notion of convergence, while 
the former is related to the notion of asymptotic expansion and does not exclude the 
possibility of performing “least term summation” (which is itself intimately related to the 
Gevrey nature of the series at hand). 

This bunch of ideas was applied in particular to the fundamental problem of dynamics, 
that is, the study of the qualitative dynamical behaviour of analytic Hamiltonian systems 
on A"" which are perturbations of integrable Hamiltonians. The various problems of con¬ 
vergence of the series giving rise to the solutions of the perturbed problem were extensively 
examined by Poincare, without however reaching a definitive conclusion. 

The next major breakthrough was due to Kolmogorov, who understood in the 1950s 
how to take advantage of stability properties exhibited by the unperturbed quasiperiodic 
tori, provided that their fundamental frequencies are sufficiently nonresonant {i.e. satisfy 
Diophantine conditions). This approach was then generalised by Arnold and Moser and 
gave rise to the so-called KAM theory: in appropriate function spaces (analytic, C°°, 
finitely differentiable) the surviving tori form a subset whose relative measure tends to 1 
when the size of the perturbation tends to 0. See |Dul4] for a non-technical historical 
account and appropriate references on KAM theory. 

Besides the KAM theorem, one major achievement occured in the 1980s with the direct 
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proof by Eliasson of the convergence of the perturbative series under the usual assumptions 
of KAM theory. This yields directly the quasiperiodic solutions, and the KAM tori are 
nothing but their closure. So, after a somewhat suprising detour, the Poincare convergence 
au sens des geomHres indeed gives rise to invariant geometric objects. 

In a different direction, the Poincare convergence au sens des astronomes can be con¬ 
sidered as the mechanism at work behind “exponential stability”. Exponential stability 
means that, for a perturbation of an integrable Hamiltonian flow, the action variables of 
an arbitrary solution vary little over a time interval of the order of exp (^), where e is 
the size of the perturbation and a is a positive exponent independent of the perturba¬ 
tion. This was established by Nekhoroshev in the 1970s for the analytic case. Again, 
the theory of normal forms revealed itself to be of crucial importance in this setting. 
The main idea there is to cover the whole phase space by a patchwork of domains with 
various resonant structures and perform in each of them a finite—but long—sequence of 
adapted normalising transformations. An additional geometric argument (steepness) then 
proves the confinement of the actions for all initial conditions over an exponentially long 
timescale. 

In this text we will take advantage of the numerous improvements of the stability 
estimates after Nekhoroshev’s initial work, beginning with the work by Lochak [L^ 
where the question of the optimality of the stability exponent hrst appeared, with a 
first conjecture on its value. Then the “likely optimal” stability exponent was derived 
more precisely in the case of quasi-convex unperturbed systems by Lochak, Neishtadt and 
Niederman, and Poschel (see |LNN92l IPo93| and references therein). Finally, based on 
Herman’s ideas, these works were later generalised to general Gevrey classes in [MS03| — 
which also clarihed the connection with Gevrey asymptotics and least term summation— 
and the stability exponent was improved in |BM11] to reach the probably optimal value. 
Our present study relies on these latter two works to produce upper estimates of the 
measure of wandering sets. 

More surprisingly, the construction of our unstable examples will also heavily rely on 
KAM techniques (in the form developed by Herman for invariant curves on the annulus). 
So stability results may also help produce unstable behaviour and transport in phase space. 
This has already been noticed in the context of Arnold diffusion (see below), but we will 
deal here with new phenomena. 

0.3 Let us now pass to the description of some unstable systems, beginning with the 
seminal and highly inspiring Arnold example. In parallel with the evolution of stability 
theory, Arnold introduced in the 1960s a paradigm perturbed angle-action system ex¬ 
hibiting unstable behaviour |Ar64] . In his example (a non-autonomous nearly integrable 
Hamiltonian flow on A^), the action variables drift over intervals of fixed length whatever 
the size of the perturbation. Arnold conjectured that this instability phenomenon (now 
called Arnold diffusion) should occur in the complement of the KAM tori for “typical” 
systems. Of course, due to Nekhoroshev theory, Arnold diffusion in analytic or Gevrey 
systems has to be exponentially slow with respect to the size of the perturbation. 

The key idea in Arnold’s example is the possibility that a perturbation of an integrable 
Hamiltonian can create a continuous family of hyperbolic tori in a given energy level, whose 
invariant manifolds also vary continuously. An additional perturbation then makes the 
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stable and unstable manifolds of each torus intersect transversely in their energy level. It 
is therefore possible to exhibit ordered families of hyperbolic tori, extracted 

from the continuous one, such that the unstable manifold W^{Tm) intersects transversely 
the stable manifold hh^(Tm+i), and such that the distance between the extremal tori Ti 
and Tm^ (in the action space) is independent of the size of the perturbation (the number m* 
of tori in such a family tends to +oo when the size of the perturbation tends to 0). Finally, 
one constructs orbits which shadow the consecutive heteroclinic orbits between the tori 
and pass close to both Ti and Tm^. The action variables of such orbits therefore experience 
a drift which is independent of the size of the perturbation. 

Arnold’s example has been generalised in many ways, particularly in view of proving 
the “generic” occurrence of Arnold diffusion in nearly integrable systems on A^. Notice 
that the existence of hyperbolic KAM tori (or more generally hyperbolic Mather sets) is an 
important tool to implement the previous scheme: this is a first example of how stability 
induces instability. 

Another important development was the possibility of computing the drifting time of 
unstable orbits in examples of Arnold diffusion. This program was achieved in |MS03] 
for Gevrey systems with a > 1, and then in [LMr)5l TZhll] for analytic systems. 

In this work, to produce examples of near-integrable systems possessing wandering 
polydiscs, we develop the method of [MSOd] . which itself builds on the techniques of 
|MS03] . The construction of unstable orbits in |MS03] is rather different from that of 
Arnold, even if, a posteriori, one can see that these drifting orbits too shadow families 
of heteroclinically connected tori, which clearly shows the intrinsic complexity of their 
dynamics. 

The key idea in [MSn3| is to embed a well-controlled discrete dynamical system of A, 
namely a renormalised standard map, into a high iterate of a specific G" near-integrable 
system of A”", assuming a > 1 (and then into a nearly integrable non-autonomous Hamilto¬ 
nian flow). Taking advantage of the drifting points of the standard map, one can produce 
drifting orbits in this near-integrable system (and then in the corresponding Hamiltonian 
flow). In contrast with Arnold’s example, such a construction yields systems with orbits 
biasymptotic to infinity in action. This proves to be a crucial feature of the construction 
when one builds on it to produce wandering sets with positive measure, since they cannot 
be confined inside compact subsets due to the preservation of volume. 

In [MS04| . the KAM theorem was used to produce wandering polydiscs surrounding 
drifting orbits in near-integrable systems of the same kind as those of |MS03] , but without 
any quantitative estimate. It seems that such a coexistence of stable geometric objects 
(invariant tori) and highly unstable open sets had not been observed before, although 
it is reminiscent of the existence of the “periodic islands” in “chaotic seas” which are 
ubiquitous in the theory of two-dimensional symplectic maps. Our wandering domains 
coexist with (and are contained in the complement of) all the invariant compact subsets, 
including Lagrangian invariant tori, lower-dimensional invariant tori (like the hyperbolic 
ones used in Arnold’s mechanism) or Mather sets. 

The novelty of the present paper is that, using more refined versions of the KAM 
theorem and a (much) better control of the normal forms, we are now able to estimate 
the capacity of the wandering polydiscs that we construct. 
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0.4 We can now informally describe the content of this paper. Our interest in wandering 
sets makes it essential that we deal with diffeomorphisms rather than flows, like in |MS04] 
and in contrast with most of the literature on Hamiltonian perturbation theory; in fact, 
it is the first time that wandering sets of near-integrable discrete systems are the object 
of such detailed investigation. 

So we first have to transfer the known stability results for Hamiltonian flows to the 
setting of near-integr able discrete systems. The result is Theorem whose simplihed 
statement is the following. We fix a real a ^ 1 and an integrable diffeomorphism of A"" 

{6,r) ^ [6+ 'Vh{r),r), 

where h: M” ^ M is a convex function. Then, given p > 0, for any G°‘ exact symplectic 
diffeomorphism T having s := distQ,(T,small enough (see Section [1.11 for the precise 
definition of the distance in Gevrey classes), the iterates of any 

initial condition satisfy 

II^W _ j^[o]|| ^ p for 0 ^ A: ^ exp 2 na 

where c is a suitable positive constant depending mildly on h. 

Other and more rehned estimates are also available, for which the conhnement radius 
of the action variables tends to 0 with e. 

Our proof makes use of a new suspension result. Theorem |El which allows one to 
embed a G" near-integrable system into a non-autonomous near-integrable Hamiltonian 
flow; the analytic case is essentially done in [KP94| . while for the case a > 1 we had to 
devise specific Gevrey techniques to adapt quantitatively Douady’s method |Dou82] based 
on generating functions. 

Next, taking into account the preservation of the Lebesgue measure p by symplectic 
diffeomorphisms, we prove in Theorem [B] that a wandering Borel set W of T, when it is 
contained in a bounded region of A”, must satisfy 

p(W) ^exp(-c(^)""“), 

where c > 0 is a suitable constant depending mildly on h. 

The rest of the paper is devoted to the construction of examples with wandering do¬ 
mains, with estimates of their Gromov capacity. This is the content of Theorem O there 
is a sequence j)j^i of G" diffeomorphisms of A"’, with a > 1, such that 

Ej := dist„(T,-,$^("?+-+’'")) 

tends to 0 when j —> oo, each of which admits a wandering polydisc Wj whose Gromov 
capacity satisfies the inequality 

where c' > 0 is a suitable constant. 
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The proof of Theorem [O is based on a version of the “coupling lemma” introduced 
in |MS03j and |MS04j . whose application requires the construction of several controlled 
dynamics on distinct subfactors of the annulus A"'. Here is, in a few lines, the strategy: 


On the one hand, Theorem |D] provides us with a near-integrable system G arbitrarily 


close to <h 2 '' 2 


{rl+-+rl) 


possessing a g-periodic polydisc c A” ^ of arbitrarily large 


period q. Moreover the orbit of 'V under G is controlled well enough and its capacity 
can be explicitly bounded from below. 


- On the other hand, we choose a Gevrey function U so that the “rescaled standard map” 

i): (6»i,ri) (^i + qn, n - ^U'{9i + qn)) 

has a wandering domain c A whose area is of order 1/q. We observe that this map 
can be written as the composition of the time-one map of the Hamiltonian -U{6i) with 

J_ 2 

the gth iterate of the integrable map <1> 2 . 


The aforementioned coupling lemma then produces an exact symplectic perturbation T 
^2 ^/2 2 ^ ^/22 2 ^ 

of <I) 2 ”i X <h 2 V 2 “i = (|) 2 vi+^ 2 “^ whoso gth iterate coincides with ip x G'^ when 

restricted to A x 'A. In that situation, ^ x is easily seen to be a wandering set of T. 


Choosing an appropriate function U and estimating the area of the wandering do¬ 
main are rather easy. 

The application of the coupling lemma requires a Gevrey function g on A”“^ satisfying 
a “synchronization condition” with respect to the orbit of 'f under G. For this, we use 
a bump function, whose Gevrey norm is large, unavoidably, but somehow this can be 
compensated by choosing q large enough, so as to ensure that T is indeed arbitrarily close 
to integrable. 

Much more work will be needed to prove Theorem [Dl Another use of the coupling 
lemma will hrst allow us to reduce the problem to proving the two-dimensional version 
of the statement, which is essentially Theorem [FJ The proof of Theorem [F] is then the 
most technical part of the construction. It hrst necessitates the introduction of a “pseudo¬ 
pendulum” on A, of the form 

P{e,r) = y + ^Vi9), 


where the potential H is a hat-top bump function on T and is a large parameter. 
This pseudo-pendulum is then perturbed to produce elliptic periodic points of any period, 
surrounded by elliptic islands with controlled areas. The main task consists in estimating 
these areas, which requires the use of Herman’s quantitative version of the two-dimensional 
KAM theorem and necessitates the computation of high-order parametrised normal forms. 
Theorem [F1 is interesting in itself; see for instance [Lin4| for related questions on standard 
maps. 

0.5 To conclude this introduction, let us mention that the present work can be seen as 
a contribution to the development of a “quantitative Hamiltonian perturbation theory”. 








focused on the question of the size of wandering domains. Other studies should be devoted 
to the numerous quantities one can associate with a nearly integrable exact symplectic 
diffeomorphism or Hamiltonian flow: one may think of the separatrix splitting, the angles 
of Green bundles, the topological entropy, the growth of isolated periodic orbits, and so 
on; each of them should be estimated from above and below in an optimal way. While 
the upper estimates may be based on normal form theory, the construction of “optimal” 
examples may reveal itself to be extremely rich and difficult, as illustrated by the case 
of wandering domains in this work. We see this problem as a challenging motivation to 
pursue these quantitative studies and get a more developed vision of this domain—still in 
its infancy. 

0.6 The paper is organized as follows. 


• Section [T] is dedicated to a precise formulation of our assumptions, notations and 
results. Theorem El gives long time stability estimates for near-integrable systems 
of A"". Theorem iBl and Theorem ICl respectively state our main results about the 
upper and lower bounds for the measure and capacity of wandering sets of near- 
integrable systems. Theorem El on the construction of near-integrable systems 
of possessing periodic domains with explicit lower bounds for their capac¬ 

ity, is stated. It splits into two parts: Theorem |Dji) deals with the two-dimensional 
case, i.e. periodic domains in A, while Theorem iDlf hi is dedicated to systems on A"*, 
m ^ 2. 


• In Section [21 we state and prove Theorem [El on the suspension of Gevrey near- 
integrable systems. This enables us to deduce the stability theory for Gevrey diffeo- 
morphisms from the stability theory for Gevrey Hamiltonian flows and thus prove 
Theorem El and then Theorem [Bl 


• Section [3l contains the most technical part of the paper, that is, the construction of 
examples of near-integrable systems of A with periodic islands of arbitrarily large 
period, whose area we are able to estimate from below. This is the content of Theo¬ 
rem [Fl which is a parametrised version of Theorem [PTii . The proof of Theorem [Dlfii 
is in Section 13.21 the rest of Section [3] is devoted to the proof of Theorem [Fl 


• In Section [H we explain the coupling lemma and its use to produce periodic or 
wandering polydiscs. The proof of Theorem EJii) is thus obtained, by coupling 
the periodic domains of Theorem [F] (suitably rescaled) with periodic domains of an 


elementary perturbation of _ Then, Theorem [Gl is obtained by coupling 

the wandering domain of a rescaled standard map and the periodic domains of 
Theorem El 


• The paper ends with four appendices, dealing with some technicalities needed in the 
course of the various proofs. 
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1 Presentation of the results 

1.1 Perturbation theory for analytic or Gevrey near-integrable maps— 
Theorem 

1.1.1 Let T := M/Z. For n ^ 1 we denote by A” = T” x M” the 2n-dimensional annulus, 
viewed as the cotangent bundle of T”, with coordinates 9 = (0i,..., 0„), r = (ri,... ,rn), 
respectively called “angles” and “actions”, and Liouville exact symplectic form 0 = —dA, 
A := Ad^i- Recall that a map d' is said to be exact symplectic (or globally canonical) 
if the differential 1-form I'^A —A is exact. Examples of exact symplectic maps are provided 
by the flows of Hamiltonian vector fields. 

When the Hamiltonian vector field generated by a function H on A"’ 

dH d dH d dH d dH d 

dri dOi dvn dOn dOi dri d9n 

is complete, we denote by : A” O the time-one map of the Hamiltonian flow. We say 
that a diffeomorphism of A” is integrable when it is of the form <1^, where the function h 
depends only on the action variable r, thus 

= (0 + <V/i(r)>, r), (1.1) 

where {•): MT' —> T” is our notation for the canonical projection. 

We are interested in near-integrable mapjl, i.e. exact symplectic maps close to an 
integrable map closeness being intended in the analytic sense or Gevrey sense. 

1.1.2 Let us introduce notations for the spaces of Gevrey functions. Given n ^ 1, we use 
the Euclidean norm in M” and, for R positive real or infinite, denote by Br the closed 
ball of radius R centred at 0 (so Hqo = M"’). We set 

:= T" X Br, (1.2) 


in particular A^ = A"". Given a ^ 1 and L > 0 real, and 0 < i? ^ oo, we define the 
Banach spaces of real-valued functions 


G^'^{Br) := 

{heC^ 

\Br) 

4 L,l,r < 

oo}. 

4 

E 

£\a 


(1.3) 











G"’hA^) 

{feC^ 

1 

1 < 

oo}. 

\\f\\a,L,R •= 

E 

lWc 

f]a 


(1.4) 











We have used 

the standard notations \l\ ■■ 

= 4 + 

• • • + ^2n) 

= il 


2nl, 4 = dfG . 

Ar. 

4 = for k 

= 1 ,..., 

2n, where (xi,... 

? 3^2n) " 

= (^1, ■ ■ ■ ,9n 

,ri, ■ 

■ ■ ,rn), and 



N:= {0,1,2,...}. 

^ We also often call them “near-integrable systems” to emphasize that we are interested in the discrete 
dynamical systems consisting in iterating these maps. When we say “near-integrable”, the exact symplectic 
character is understood. 
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We shall make use of the natural inclusion ^ without further notice, 

treating an /i 6 indifferently as an element of any of the two spaces. 

For a = 1, one recovers real analytic functions of A^: any function / e G^’^(A^) is 
real analytic in A^ and admits a holomorphic extension in x 'f'lBR, with complex 

neighbourhoods of T” and Br defined by 

:= {0e (C/Z)- | |(Im0i,... ,Im0„)|^ < L }, 

yLBR:= J {reC-I |r-r=^|^ <L}, 

r*eBji 

where := iiiax{|^i| for ^ 6 M” or C”’; conversely, for any function / real 

analytic in A^, there exists L > 0 such that / e G^’^(A^). For a > 1, one gets non- 
quasianalytic spaces of Gevrey functions. 

Rec all that || • is an agebra norm for every a ^ 1: ||/5IL,l ^ \\f\\a,L\\9\\a,G see 
|MS03] — some other useful properties of these norms are recalled in Appendix IB. 11 

1.1.3 Our maps will be analytic, i.e. Gevrey-1, or more generally Gevrey-a for some 
a ^ 1, i.e. elements of one of the sets 

G“’'^(A^, A”) :={'^: A^ ^ T” x | : A^ ^ x lifting 

so that § 1 ,..., ^ 2 n e G“’-^(A^)}, 

with L > 0 and 0 < R ^ ao. We set, for any A 6 G“’^(A^, A”), 

ll|A|IL,i,R:=inf{||Ai|U^^^^ + ... + ||A 2 n|L,i,«| A: A^ - R" x MMift of A } (1.6) 

(in fact the infimum is always attained); one can check that the formula 

(^ 1 ,^ 2 )- 111^2 

defines a translation-invariant distance which makes G“’^(A^,A"') a complete metric 
space. 

1.1.4 Our first result is a version of the Nekhoroshev Theorem for Gevrey near-integrable 
exact symplectic maps in the convex case: 

Theorem A (Exponential stability for maps). Let n ^ 1 he an integer. Let a ^ 1 and 
L,R,Rq > 0 be reals sueh that R < Rq. Let h e G°‘’^{Br^^) have positive definite Hessian 
matrix on Brq. Then there exist positive reals e=i=,c*, and, for each positive p < Rq — R, 
positive reals e'p ^ e* and dp ^ c*, and, for each positive a < positive reals e" ^ e* 
and c" ^ c*, satisfying the following: 

For each exact symplectic map T e G°''^{Pdf^,LT) such that e := |||^ —^ ^ 

every point (0M,rM) of Afi has well-defined iterates (0W,rW) := T^(0M,rM) 6 Afi^ for 

all k e Z such that \k\ ^ exp (c,^ (i) ), and 

(i) e ^ e'p and \k\ ^ exp ^ ^ p. 
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(ii) e ^ e" and |A:| ^ exp ^ ^ 

(in) £ ^ £i^ and |fc| ^ exp ^c* ^ || ^ ^e^pr+Tj ^ 

The proof of Theorem El is in Section [2j 

The case a = 1 of (iii) is due to S. Kuksin and J. Poschel |KP94j . The rest of the 
statement is, to the best of our knowledge, new. It relies on the most recent version of the 
Nekhoroshev Theorem for Gevrey near-integrable quasi-convex Hamiltonian vector fields 
due to A. Bounemoura and J.-P. Marco [BMllj . which improves the possible exponents for 
the stability time (at the price of a less good control of the confinement of the orbits)—we 
reproduce Bounemoura-Marco’s statement in Section 12.31 To transfer it to the discrete 
dynamics induced by a near-integr able exact symplectic map T, we will have to construct a 
non-autonomous time-periodic Gevrey Hamiltonian function, defined for (0, r, t) e x T 
with R < < Ro> whose flow interpolates the discrete dynamics—this is the content of 

Theorem [El of Section [2l 

The hypothesis that the Hessian matrix of the integrable part h is positive definite is 
a strict convexity assumption: it amounts to the existence of a positive real m such that 
h is m-convex, in the sense that 

*udV/i(r)u ^ m||u||^ for all r e and v e M"", (1.7) 

where dV/i(r) is the Hessian matrix of h ar the point r. In fact, the reals e*, c*, £(,, dp, e", c" 
depend on the integrable part h only through m and ||h||^ 

Remark 1.1 (On the time exponents). Beware that, as far as Nekhoroshev theory is con¬ 
cerned, exact symplectic maps in Ad behave like N-degree of freedom autonomous Hamil¬ 
tonian systems with N = n 1. So the “time exponent” and the “confinement exponent” 
in the case (iii) are simply and which have been familiar since the works by 
Lochak-Neishtadt and Poschel in the analytic case, or Marco-Sauzin in the Gevrey case. 

Bounemoura-Marco’s novel result of \BM1 1]/ was the obtention of better stability times 
at the price of releasing part of the control on the confinement property. The counterpart 
for discrete systems, as demonstrated by Theorem HI is that the time exponent can be 
taken as large as a^ = with arbitrary a such that 0 ^ a ^ , and the corresponding 

confinement radius still tends to 0 as £ —>■ 0 if a > 0, while we only get a fixed (but 
arbitrarily small) confinement radius p if a = 0; observe that is a decreasing function 
of a, so a close to yields worse stability exponents a^, close to the exponent 2 (^+ 1 )^ 
of case (iii) (but better confinement properties), while a = Q gives the best time exponent, 
namely for general orbits. See Remark \2.8\ for more comments. 

Remark 1.2 (Stabilization by resonances). ITe leave it to the reader to devise a refined 
statement for orbits starting 0{£^^^)-close to a resonance of multiplicity me {1,... ,n}j 
by exploiting the well-known stabilizing effect of resonances available for Hamiltonian 
flows—see Remark \2.tA The time and confinement exponents then jump to 2 (n+i-m)a 

2(n+l-m) • 




if a = l. 


— r^ 




if a> 1, 
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In particular, the time exponent 2 ^ given in (i) for general orbits coincides with the 
time exponent available for the orbits starting close to a simple resonance, but the latter 
have a better confinement property (described by the positive exponent than general 
orbits. 

Remark 1.3 (About the steep case). The original Nekhoroshev theorem was proved in the 
analytic case for a wider class of near-integrable Hamiltonian flows than just those with 
quasi-convex integrable part. Nekhoroshev only needed a non-degeneracy assumption called 
steepness, which turns out to be generic in quite a strong sense. This allowed S. Kuksin 
and J. Pdschel to give an exponential stability theorem for analytic near-integrable maps 
in the case where h is supposed to he steep but not necessarily convex \KP9J(^ . The same 
could be done for Gevrey near-integrable maps if the original Nekhorohev statement could 
be generalised to the Gevrey steep case. 

Remark 1.4 (KAM theorem for analytic or Gevrey near-integrable maps). The assump¬ 
tion that h be non-degenerate in the sense of Kolmogorov (i.e. that Vh be a local diffeo- 
morphism, which is a weaker condition than strict convexity) is sufficient to apply the 
KAM theorem, in its analytic version if a = 1, or in its (7°° version if a > 1. For each 
r* 6 such that V/i(r=f) is Diophantine, we obtain for the discrete dynamics 4' an in¬ 
variant quasi-periodic torus ~ located close to x {r*} as soon as Hl'h — ^ is 

small enough. If a = 1, then such a torus is known to be analytically embedded in If 
a > 1, then the embedding is known to be (7°° and one can prove that the embedding is in 
fact Gevrey-a by applying Popov’s KAM theorem for Gevrey near-integrable Hamiltonians 
jPoPj^ to the interpolating Hamiltonian flow constructed in Theorem O of Section 

1.2 Wandering sets of near-integrable systems—Theorems iBl and ICl 

1.2.1 The other results of this paper deal with wandering sets for near-integrable systems. 

Definition 1.5. Given a dijfeomorphism ^ of a manifold M, we say that W M is 
wandering if 

^^{W) r^W = 0 for alike Z\{0} 

or, equivalently, if T^(iT) n 'k^(iT) = 0 for all k,i e Z with k A I. 

Notice that if W a W and W is wandering, then W' is wandering too. Beware that, 
when W is reduced to a single point x, saying that the set W = {x} is wandering is 
a less stringent condition than saying that the point x is wandering in the usual sense 
(which amounts to the existence of a neighborhood V oi x such that T^(i/) r\ V = 0 for 
keZ\{0}}. 

Remark 1.6. If T preserves a finite measure, then obviously any measurable wandering 
set must have zero measure (this is the key argument in the Poincare recurrence theorem). 

1.2.2 We denote the canonical Lebesgue measure on A” by pL. Recall that a domain of 
A"' is a connected open subset of A"". 

Before going further, we notice that, given h of class on an open set Q. of M", 
any measurable wandering set W of the integrable diffeomorphism x 12 O has 
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zero Lebesgue measure. Indeed, formula (jl.ll) shows that each torus ^(r) = T” x {r} is 
invariant, with the restriction of <I>^ preserving the Haar measure fir of ^{r), which is 
finite. Thus Remark 11.61 implies that the wandering set W S^{r) has zero ^r-measure 
for each r 6 and, by Fubini, 

//(IT) = f gir{W ^{r))dr = 0. 

Jo 


In particular, the only wandering domain for is the empty set. 

1.2.3 Another preliminary remark concerns the case n = 1: any measurable wandering 
set W of a near-integrable system of A has zero Lebesgue measure. More precisely, if 
0 < R < Rq < CO and h e {[—Rq, Rq]) is Kolmogorov non-degenerate {i.e. its second 
derivative does not vanish), then for any exact symplectic diffeomorphism T of A with 
a restriction to = T x [—i?0).Ro] such that IH'k — small enough, any 

measurable wandering set contained in A^ has zero Lebesgue measure. 

Indeed, the KAM theorem yields two invariant circles, one contained in Tx ]R, Ro[ 
and the other one in Tx] — Rq, —i2[, which bound a finite measure invariant region; any 
measurable wandering set contained in that region must have zero measure according to 
Remark 11.61 (This is the same argument which forbids Arnold diffusion in two degrees of 
freedom.) 


1.2.4 We thus assume n ^ 2 from now on. The first examples of near-integrable systems 
possessing wandering sets of positive Lebesgue measure, namely wandering domains, were 
constructed in |MSn4j l^ Although the construction was quite explicit, no estimate was 
given for the “size” of these wandering domains. 

In this paper, we show that, for a perturbation T of an integrable diffeomorphism 
withe:= lll^-^^IIL r P small, the wandering sets have an exponentially small size. We 
shall provide general upper bounds and examples with explicit lower bounds. 


1.2.5 We shall use two natural but essentially different notions of “size”; the Lebesgue 
measure and the Gromov capacity. Recall that the Gromov capacity (or width, or depth) 
Cg(IT) of a subset IT of a symplectic manifold is the supremum of the numbers vrr^, 
where r ^ 0 is such that the Euclidean ball R^"'(r) of radius r in can be symplectically 
embedded in IT. As a consequence, for measurable subsets IT of A”, 


Cg(IT) ^ TT 


KW) 

Vol(R2n(l)) 


1/n 


( 1 . 8 ) 


The capacity of a domain in the 2-dimensional annulus A equals its Lebesgue measure 
{i.e. its area in this case), but they are in general distinct for higher dimensional domains. 
As an extreme case, given a disc D in A, the capacity of IT .= D X A"’ ^ A"’ is the 

area of D, while the Lebesgue measure of IT is infinite. We refer to [McDS9J^ for a more 
complete exposition of the notion of Gromov capacity. 

^Notice that it is the exactness of near-integrable systems which makes the existence of such examples 
not obvious. If exactness is relaxed, then one trivially gets arbitrarily close to integrable symplectic maps 
with wandering domains by considering tl'e : (6,r) G A i—> [9 + r,r + e) G A, with small e > 0, and 
Ws ■■= Tx]0,£[. 
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We are interested in estimates of the size of wandering subsets from above and from 
below. In view of inequality (|1.8I) . we may content ourselves with using the Lebesgue 
measure for upper estimates and the Gromov capacity for the lower ones. 

1.2.6 Our upper bound result consists in general exponentially small estimates, with 
explicit exponents stemming from Theorem [A) 


Theorem B (Upper bounds for wandering sets). Let n ^ 2 be integer. Let a ^ 1 and 
L,Ro > 0 be real. Let h e have positive definite Hessian matrix on Bji^. Then 

for 0 < R < Rq there exist 6,^, c* >0 such that, for each exact symplectic diffeomorphism T 
of A"" whose restriction to satisfies 




< e* 


-co’-“ “ ■ Ml * * n\a,L,Ro 

any measurable wandering set W of ^ contained in Afi has Lebesgue measure 


/i(VU) ^ exp (1.9) 

The proof is in Section 12.41 It is a pretty direct consequence of Theorem and the 
preservation of the Lebesgue measure by symplectic maps. (It works for the case n = 1 
as well but, as already mentioned, /^(lU) = 0 in that case.) Again, the reals e* and c* 
depend on h only through HhHo, and m such that h is m-convex in the sense of (II.7p . 

1.2.7 Our lower bound result consists in constructing examples which possess wander¬ 
ing domains whose Gromov capacity is estimated from below by an exponentially small 
quantity with explicit exponents: 


Theorem C (Lower bounds in examples of wandering domains). Let n ^ 2 be integer. 
Let a > 1 and L > 0 be real. Let h{r) := ^(^'i + • • • + r'^)- Then there exists a seguence 
of exact symplectic diffeomorphisms of A^ such that 

• each has a wandering domain Wj contained in Ag, 

• for 0 < R < CO the maps belong to G“’'^(A^, A”) and there exists c > 0 such that 

- lll^iand CG(i^) (1.10) 

for all integers j. 

The proof is in Sections [3] and (U see Section 11.31 for a description of the structure of the 
proof. 

Observe that, putting together (|1.8p and (II.9p . we get 

Cg(I^) ^ ^ exp ( - c=^ (1) , 

with appropriate K, c* > 0, for j large enough, which is compatible with (|l.lUp be- 
cause 2^ ^ 2(Ti-i)(a-i) • Notice also that our examples are constructed only in the non- 
quasianalytic case a > 1. See Section [1.41 for more comments on the previous inequalities 
and possible extensions to the analytic case. 
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Our method is related to the one developed in |MS03] for estimating the maximal 
speed of Arnold diffusion orbits and in |MS04j for constructing the first examples of near- 
integrable systems with wandering domains. A common feature of the examples in |MS04] 
and in Theorem ICl is that these wandering domains follow complicated paths in the phase 
space, located in the complement of the set of KAM tori. 

1.3 Specific form of our examples and elliptic islands—Theorem [Pl 

We now indicate the structure of the proof of Theorem O to be found in Sections [3] and HI 

1.3.1 Given a function h e and real constants a ^ 1 and L > 0, we set 

.= J (1.12) 

m^l 

(observe that the Hamiltonian functions h + UQ,ui,..., Um generate complete vector fields 
because their partial derivatives with respect to the angles are bounded; the notation is 
well-defined, since giving the diffeomorphism allows one to compute the gradient V/i 
mod Z” and therefore the diffeomorphism for any smooth uq)- Any 'h e jg 

an exact symplectic map which can be viewed as a perturbation of <1^, with a “deviation” 
defined as 

m 

:= Inf | ll“A:lla,L,oo I "i ^ 1, (uo,ui,... ,Um) e (1.13) 

^ fc =0 

where := {(uq, ui,..., u^) e (G"-^(A"))”''^^ | o • • • o o = 4'}. 

One can check that the deviation vanishes if and only if T = 

1.3.2 If h e then the elements of ^re Gevrey maps and the deviation 

can be compared to the distances |||'I' — <^^111^, More precisely. 

Proposition 1.7. Let n ^ 1 be integer. Let a ^ 1 and L,Rq > 0 be real. Let h e 
C°°(M"') n {BRq)■ Then for h < R < Rq there exist e*, T*, C* > 0, with L* < L, such 
that 

Te '^"’^(4*'^) and (5“’'^(T,4>^) < 6=, ^ |||T - ^ (5"’^(T, 4>'^). (1.14) 

The proof of Proposition 11.71 is in Appendix IB. 31 (e,^ ,L:^,G:^ depend on h only through 
\\f^\\a,L,Ro)- 

As a consequence. Theorems lAl and iBl apply to the maps of with 

small enough, and the role of e in the statements can be played by (5“’^('I', <1^) instead of 

Ill'll 

1.3.3 Theorem O will follow from a more precise statement, Theorem [Cf stated in 

Section r4.3.1l The unperturbed system h := + ■ ■ ■ + r^) and the constants a > 1, 

L > 0 being fixed. Theorem O will yield very explicit maps e when re = 2, 
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e when n ^ 3, with wandering domains Wj Ag, and a real c* > 0 such 

that 

e' := ch'^) — 0, CG(i^) ^ exp(-c, 

By Proposition [121 (|l-15p implies the property (11.101) for every finite R, hence Theorem ICl 
is an immediate consequence of Theorem O . 

The domains #(,• will be polydiscs, i.e. product sets of the form x • • • x with 

disc^ , • • •, A. This product structure is an essential feature in the use of the 

“coupling lemma” of Section [4.11 which is a basic ingredient of the proof of Theorem [Cl. 
Note that the Gromov capacity of a polydisc is given by the formula 

X ••• X #”]) = min { area(^^^^),..., area (^M)}. (1.16) 

(One inequality follows from the fact that, in dimension 2, Gromov capacity and area 
coincide; the reverse inequality is a consequence of Gromov’s “non-squeezing theorem”— 
see [McDS95j .i 

1.3.4 As another ingredient of the proof of Theorem O; we shall have to devise an 
additional result on the construction of examples with periodic domains, which is interest¬ 
ing in itself and connected with other aspects of transport phenomena in near-integrable 
Hamiltonian systems. 

To ease the comparison with Sectional we present this result in A”^^ (still with n ^ 2), 
labelling the coordinates as ( 02 T 2 )) ■ ■ ■ > (^n; and set 

Kr) ■= ^{r2 +---+rl). 

For an integer g ^ 1, we call q-periodic polydisc of a diffeomorphism (/> of A*^"^ a polydisc ^ 
of A"'“^ such that = Si. We introduce the notation 

Aj := T X [0, d\ Cl A, := { ({0), r) \ 6 e [—d, d], r e M } c A for any real d > 0. 

(1.17) 

Theorem D (Periodic domains in A””^). Let a > 1 and L > 0 be real, and let n ^ 2 
be integer. Then there exist real numbers c,Ci,C 2 ,Cz > 0, a non-negative integer jo 
and a sequence {'^j,q) of exact symplectic diffeomorphisms o/A”"^ belonging to 
defined for 

j, g 6 N, j ^ jo, q ^ CiNj, (1.18) 

with deviations 

A, (1,19) 

where 

Nj ■= Pj+2 ■ ■ 'Pj+n: ( 1 - 20 ) 

{pj)j^o denoting the prime number sequence, so that: 

“^When we use the word “disc”, unless otherwise specified, we mean any bounded and simply connected 
domain in A or in R'^. 
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(i) If n = 2, each is in and has a q-periodic disc ^ := a A 3 with 

all its iterates also contained in A 3 , such that 

Cg(^) ^ (73 1111111-^, exp ( 1 . 21 ) 

and 

S> c A^ n 1 . (^) n S§ 1 = 0 /or 1 ^ fc ^ g — 1 . ( 1 - 22 ) 

jrj ^pj+2 pj+2 


(a) If n ^ 3 , each "^j^q is in for Q integer multiple of Nj, '^j^q has a 

q-periodic poly disc S> := ^j^q whose iterates are poly discs: 


^lq{^) = X • • • X keZ, 

with c Ag”^ for all k, such that 

Com > C 3 min Iexp ( - cNj ^=^^) |, 

the projections of the polydisc ^ satisfy 

^P.o] c A;^ n c ,..., c , 

Nj 2p/ + 2 2Pj+3 ^Pj + ri 


and, for I k ^ q — 1, those of the polydisc '^^q{S') satisfy 

3£ e { 2 ,... , re} such that n ^ 1 = 0 . 

pj+i 


(1.23) 


(1.24) 


(1.25) 


The proof of Theorem iDl is spread over Sections [3] and 01 More precisely, Case (i), i.e. the 
two-dimensional case, is proved in Section [3.21 based on an auxiliary result; this auxiliary 
result is also used in Section 14.21 together with the “coupling lemma” (Lemma 14.lb , to 
prove Case (ii). 

Theorem o is used in Section 14.3.31 (again with the help of the coupling lemma) to 
prove Theorem O) with an appropriate choice of g = qj exponentially large with respect 
to Nj. 

Remark 1.8. Fix j ^ jo and q as in the statement of Theorem O Because of condi¬ 
tion (11.221) or conditions (ll.24p - (ll.25p . the sets "^j^{S>j^q), k = 0,1,... ,q — l, are pairwise 
disjoint. This implies that q is the minimal period of the periodic poly disc S>j,q. This also 
implies an upper bound for the Lebesgue measure of this polydisc: 


T{^j,q) ^ 


Q 


Indeed, the q pairwise disjoint sets have the same Lebesgue measure and are all 

contained in Ag”^. It follows that the lower bound in (|1.2ip or (I1.23P has to depend on q, 
it cannot depend on j alone, because q is allowed to be arbitrarily large and (USD implies 


Cg(%, 




TT 


^(A: 


r') 


VVol(R2(n-l)(l)) 


1 

n—1 
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1.3.5 The aforementioned auxiliary result on which the proof of Theorem iDTii is based 
is Theorem |Fl this much more precise statement is the object of Section [21 it is the 
analytical core of our method. 

The (quite lengthy) proof of Theorem |F] relies on the construction of a suitable per¬ 
turbation of the time-one map of a “pseudo-pendulum” on A, of the form 

P(0,r) = ir2 + ^y(0), (1.26) 

where 1^ is a (specially designed) potential function on T. Both V and the perturbation 
can be made very explicit. The effect of the perturbation is to create elliptic islands 
around the periodic points located near the separatrix of the pseudo-pendulum. The main 
difficulty in estimating the size of these islands is that one has to use Herman’s quantitative 
version of the two dimensional KAM theorem ( |He01j ), whose implementation requires the 
computation of high order parametrized normal forms, the parameters being the size of 
the perturbation and the period of the islandH 

Another peculiarity of our systems is that the potential V has degenerate maxima, 
which create degenerate stationary points for the Hamiltonian vector field generated 
by (11.261) . This is crucial in order to find elliptic islands with “exponentially small” area: 
a nondegerate situation would yield a double exponential in the estimates. 


1.4 Further comments 


1.4.1 Observe that in Theorem (Bj we impose a priori that the wandering set W be 
contained in a fixed compact A^. 

Suprisingly enough, as soon as n ^ 3, this is necessary to ensure that the measure 
of W is finite. Indeed, given a > 1 and L > 0, for any e, > 0 we can exhibit (by 
|MS04] or by Theorem IC]l a near-integrable system T on A^ with a non-empty wandering 

\.( 2 _i_ 2 N 

domain IT, such that HIT — |||q, < £■ Therefore, when n ^ 3, the direct 


product T = T X ^'"n) qj^ admits the wandering domain IT x A” which is 

of infinite measure, while |||T — 4 ' 2 (”i'' < e. As a consequence, by taking subsets 

of IT X A”“^, one may obtain for the near-integrable system T wandering domains of 
arbitrary measure between 0 and oo inclusive. 


1.4.2 In any case, this leaves open the question of the existence of upper bounds for the 
Gromov capacity of an arbitrary wandering set IT (without the restriction IT c A^): is 
it always finite? is it exponentially small? 

Notice that a wandering set has empty intersection with the set of KAM tori, so a 
related question is the question of the finiteness of CgCT'^ x (M’^\JT^)), where is the set 
of all vectors satisfying a fixed Diophantine condition. Due to the intricate structure of 
this set, it could be worthwile to produce a simpler model for this line of questions. For 
instance, what can be said on the finiteness of any symplectic capacity of the open subset 


T” X (M”\Z’") c t*T'^7 

®We insist on being able to take the period of the elliptic island arbitrarily large. If this requirement 
were dropped, a much simpler construction would be available—see the auxiliary Proposition 14.51 
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This question seems to be completely open. 

1.4.3 Another open question is that of the optimal exponents that one could obtain in 
inequalities such as (jl.Op and (ll.lOp : to sharpen Theorem iBl would mean to replace the 
exponent 2 ^ by a larger exponent Oup in (ll.9p . and to sharpen Theorem ICl would mean 
to replace the exponent 2 (n-ij(a-i) ^ smaller exponent aiow in dlTOp : how large can 

one take the first exponent and how small can one take the second? Of course, one would 
still have Oup ^ aiowi if the equality Oup = aiow could be realised, the resulting exponent 
should certainly be called “optimal”. 

The problem is clearly related to the possibility of contracting examples in the analytic 
category a = 1, since the factor a — 1 (whose appearance is directly linked to our use of 
Gevrey bump functions) creates a major discrepancy between our lower and upper bounds 
when a ^ 1. We believe that such constructions are possible, at the cost of relaxing the 
constraint that our wandering subsets be domains. 
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2 Stability theory for Gevrey near-integrable maps 

We develop in this section a perturbation theory for Gevrey discrete dynamical systems, 
based on the corresponding theory available for Gevrey Hamiltonian flows. To transfer 
the results from the latter to the former, we first prove a Gevrey suspension theorem 
(Theorem |E]), according to which any Gevrey near-integrable map can be viewed as the 
time-one map of a Gevrey near-integrable Hamiltonian vector field. This will allow us 
to prove in Section 12.31 the Nekhoroshev Theorem for Gevrey maps (Theorem lAl). from 
which we will derive upper bounds for the measure of their wandering sets (Theorem iB]) 
in Section [231 

2.1 Embedding in a Hamiltonian flow—Theorem [El 

Definition 2.1. Given an exaet sympleetie map T: ^ x we call suspension 

of T any 1-periodic time-dependent Hamiltonian function H : H x T —> R, where H is 
a neighbourhood of AJfl, for which the flow map between the times t = 0 and t = 1 is 
well-defined on and coincides with T. 

We adapt the definitions (jl.3|) and (II. 4h to deal with (7°° functions depending on an 
extra variable t e T or t e [0,1]: 

T iOL 

G“'‘(T) (, e C»{T) I ||,||„ i < m), 1|,||„,,, ^ 7;^l|5'^llc.(T) (2.1) 

teN 

G“’^(AS X T) := {/ 6 C*(AS x T) | < «)}, (2.2) 

T \l\0L 

\\f\\a,L,R •= Xj 3prll^^'^llc'0(A^) 

fef^2n+l 


and similarly for G"’^([0,1]) and G"’^(A^ x [0,1]). 


Theorem E (Suspension theorem). Let n be a positive integer. Let a ^ 1, Lq, R, Rq, E > 
0 be reals such that R < Rq. Then there exist e^.,L^,C^ > 0 sueh that, for every h e 
(Bjig) with ||h||^2.oHo ^ restrietion to AJfl of any exaet sympleetie map It 6 

G"’^°(A^^, A"^) such that 


s := hJ/ - (J)'' 


\a,Lo,Ro 




admits a suspension H = H{9,r,t) 6 G“’'^*(A^ x T) for whieh 


11-^ ^\\a,L^,R ^ Ge- (2.3) 

Remark 2.2. In view of Proposition [Z3 Theorem\^ applies to the maps of 

with S := (5“’'^('I', <1>^) small enough, and the role of e in the statement ean be played by 5 

instead o/|||T - 

In fact, the resulting statement can be proved directly if one restricts oneself to T e 
^m^(‘h^) with a fixed m (upon which the implied constants may depend) and a > 1, 
by adapting the ideas of IMS0S[ ^2.4-1] and IMSOfl ^5.2]. Indeed, use the hypothesis 
a > 1 to find non-negative functions ... ,ipm e G“’'^(T) such that each ipj has 
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total mass 1 and is supported on mod Z (use e.g. Lemma A.3 of jMSOSf ). 

and set (po{t) := Jg (¥^o('S) — l) ds. Then, for any uq,ui, ... ,Ura e the map 

\j/ ^ ^um o • • • o o <J)^+“o admits an explicit suspension given by 

m 

H{e,r,t) := h{r) + ipo{t)uo{e + ifo{t)V h{r), r) + ^ ipj{t)uj{e + (1 - t)Vh{r),r), 

i=i 

and one can find A e (0,1) and C > 0 independent of uq, , Um such that 

~ h\\a^xL,R ^ ^(ll^olla,L + • • • + \Wm\\a,L) ' 

We now briefly indicate how to prove Theorem [El in the analytic case, i.e. when 0 = 1; 
the case a > 1 is dealt with in Section [2.21 

Proof of Theoreml^ in the case a = 1. This is due to Kuksin [Kn93] and Kuksin-Poschel 
|KP94| . There is only a slight difference in the way norms are measured, but this is 
immaterial: for a real analytic function (p: —> M, [KP94] defines \(p\p as the sup-norm 

of the holomorphic extension of to a complex domain VpT'^ x VpBji defined as in (|1.5p 

but with I • Igp replaced by || • ||, with ||^|| := + + for e M” or C""; this is 

related to our Gevrey-1 norms by 

4t\\i,L,R ^ \t\p ^ M\l,P,R 

for 0 < A < pjxfn, with c := (1 — Lp~^x/n)‘^'^. With this in mind, when a = 1, our 
Theorem E follows from Theorem 4 of [KP94] by isoenergetic reduction, with the help 
of the Implicit Function Theorem (the same way their Theorem 1 follows from their 
Theorem 3). □ 

2.2 Proof of Theorem [E] in the Gevrey non-analytic case 

For the Gevrey non-analytic case, the proof will consist in a Gevrey quantitative adapta¬ 
tion of Douady’s method |Dou82j . 

In all this section we fix a positive integer n and a real a > 1. When dealing with a 
map T taking its values in x or M” x M”, we shall often denote its components by 
Ti, ..., 'I' 2 n and use the notation 

tW := (4'i,...,T„), tP] := (T„+i,...,T 2 n). (2.4) 

Similarly, we shall make use of the partial gradient operators and defined 
by m^. 

2.2.0 Overview 

The construction is based on the classical formalism of generating functions for exact 
symplectic C® maps, with mixed set of variables: we use the notation whenever we 
have a (7°° function A defined on an open subset of A"" such that the equation 

r = 0 +vWA(0,r') 
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implicitly defines r' e M"" in terms of 0 6 T” and r e M”", so that we can set 

^A{0,r) := {e',r'), O' := 6 + V^‘^^A{e,r'). 

When it is defined, the map is automatically an exact symplectic local diffeomorphism; 
moreover, all exact symplectic (7°° maps close enough to identity are of this form. The 
reader is referred to Appendix O for more details^ 

Here is an overview of the construction of a suspension for a given exact symplectic 
Gevery map T close enough to following |Dou82] . we write our map as 

^ o (2.5) 

while we pick rj e (^“([0,1]) such that r/ = 0 on a neighbourhood of 0 , t/ = 1 on a 
neighbourhood of 1, and 0 ^ r/ ^ 1 on [0,1]; then the formula 

:= ° ^r,(t)A 

defines an isotopy between the identity and T, which can be shown to be the flow map 
between time 0 and time t for a time-periodic Hamiltonian vector held H which is close 
to h. 

We will repeat the arguments in detail to check that one can hnd a small Gevrey 
function A such that (|2.5p holds and that, provided we take a Gevrey function for rj 
(which is possible because a > 1), we can hnd a suspension H Gevrey close to h. The 
last point will follow from the very explicit formula that we shall obtain for H: with the 
notation ra . 

H{e,r,t) = h{r) + rj'- tVh{r),r),r) 

(formula (j2.24p below). 


2.2.1 First step: finding a generating fnnction 

Proposition 2.3. Let Lq, R, Rq, E > 0 be reals such that R < Rq. Then there exist 
£^,L,C^ > 0 such that, for any h e G"’^°(i?/jp) such that ^ E and any exact 

symplectic map T 6 A”) such that 


e := 


IT - T 


\a,Lo,Ro 




( 2 . 6 ) 


there exist open subsets H and Ll' of which contain A^ and a function A e (^“(H') 
such that 


• rt^A ■ —> A^^ is a well-defined exact symplectic map, 

• T|q = o ^ a , 

• £ G"’^(A^) and ||^|A^lla,L,_R ^ G*e. 

® Up to sign, the function A corresponds to what is called “generating function of type V” in | McDS95] 
§9.2. 
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The proof of Proposition 12.31 relies on two auxiliary results. The first one is a straight¬ 
forward Gevrey adaptation in of the Poincare lemma, the second one is a technical 
inversion result that will be needed in the second step too and whose proof is given in 
Appendix iDl 

Lemma 2.4. Let R,L>0 and /3i,... ,/32n e G“’^(A^). We denote the variables in A^ 
by {9, r) = (xi, ..., X 2 n) and assume that 

• = d^.fdi for i,j = I,..., 2n, 

• for each r 6 Br and i = 1 , ... ,n, the function I3i{- ,r) has mean value zero on ¥"■. 
Then there exists A e G“’^(A^) such that 

2n 

'£,/3i<ixi = dA and ^ + • • • + ||/32n|L,L,ij), 

i^l 


where C := max {i, i?, L“}. 

Lemma 2.5. Let R,Ro,Lo > 0 be reals such that R < Rq, and let rj e 1]) be 

a non-trivial function. Then there exist s^,L > 0 such that, for any if = ..., V’n) £ 

Qa,Lo (A^^, M”) satisfying 

n 

i^l 

and for any t e [0,1], the map 

{9, r) e A^g {9, r) = {9,r + r]{t)fj{9, r)) e A” (2.7) 

induces a (7°° diffeomorphism from T” x onto an open subset Lit of A” which con¬ 
tains A^, with an inverse map of the form 

{9,r')ent-^{O,r) = {9,r' + x{0,r',t))eT^xBR„ ( 2 . 8 ) 

where x = (xi; • • • ■,Xn) is C°° and restricts to X|A"x[o,i] ^ G“’^(A^ x [0, IJjM"') with 


2llXi|la,L,R ^ 4v\\a,Lo- 


2=1 

For e* and L, one can take the values indicated in dm]) and (ID.2p . 
Proof of Lemma The function 

2n 


pi ^fL 

"4(a^) := y! Xi/3i{tx) dt 

Jo 


(2.9) 


is well defined on M"" x Br. An easy computation yields dxiA = fdi for i = 1,..., 2n. In 
particular, for each r e Br, the functions A( •, r),... , do^A{ ■, r) are Z^'-periodic and 
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have mean value zero, whence it follows that A{- ,r) is itself Z"-periodic. Thus A induces 
a function A e and the differential of A is /3i dxi + • • • + /32n dx 2 n- 

Choosing [— 5)” x as a fundamental domain in M"' x Br, we get ||A||^o(An) ^ 

max {i, i?} (||/3 i||^o(aj) H-1- ll/^2n|lc'0(A")) • ^ ^ 1^1 ^ ^ written 

(usually in more than one way) as I’ = m + e* with m 6 and i e 2n}, moreover 

A = and (m + e*)! ^ m!, hence 


E 

Id^i 


lWc 


2n 




||5^A|| 


CO (A") 


< 


E E 

*=1 msN^’^ 


_^(l+|m|)o 
(m + ej)!“ 


||5™A 


'dlcO(A") 




2n 

El 

2=1 


^^\\a,L,W 


which completes the proof. 

Proof of Lemma IKM See Appendix iDl 
Proof of Provosition \2.A Given Lq, L, R > 0 such that R < Rq, we set R' := 


□ 

□ 




e* := mm 


I Rq ~ R' Rq 

I 2 ’ 2“+i(2n + 


L := 


Ln 


(2“+i(2n + 


( 2 . 10 ) 


Let h e and let 'h e G“’'^o(A^^, A"-) be exact symplectic and satisfy (12.61) . Let 

us choose a lift C e C*(A^^,M” x M”) of so that ||6 IL,Lo,Ro +''' + ll?2nlL,Lo,Ro = 

Since <h^(0,r) = (0 + (V/i(r)),r), we have 

^M(0,r) = 0 + <Vh(r) +eW(0,r)>, ^^‘^^{e,r) = r + fp^[e,r). 


We apply Lemma [2 .5 1 with r/ = 1 and if = : in view of (ID.ip and (ID.2p . our choice (j2.10p 

of e* and L implies the existence of an open subset fli of A”" containing A^, such that 

(0, r) 6 T" X Br, ^ {9, /) = {9, M/Pl (0, r)) 6 L!i (2.11) 


is a (7°° diffeomorphism, the inverse of which can be written 


$: (0, r') 6 L!i ^ (0, r) = (0, / + x(0, r')) 6 x Br„ 

with + • • • + \\Xn\\a,L,R' ^ We set O' := Oi n (T” x Br^) and 0 := $(0') c 

T"" X Br^,. Notice that A^ c A^, <= O' and A^ <= O (because (^j ^)II ^ R' — R for all 
(0,r) 6 A^^, thus <1>~^(A^) <= A^,). 

We now consider 


F{9,r) := d'"''oT(0,r) = {^^^\9,r) - (Vh o'^^^\9,r)},'^^^\9,r)) 

for (0,r) 6 0 (which is possible since 'I'[^](0) Brq)- This is an exact symplectic (7°° 
local diffeomorphism, which can be written 

F{9, r) = (0 + </(0, r)>, (0, r)), / := + y/i - V/i o , 


25 














and the map (I2.1ip induces a C°° diffeomorphism from ri onto O'; therefore, following the 
recepee of Lemma IC.31 we know that the 1-form 

n n 

/3 := 2 Xr{e, r') dO, + Y,fi° r') dr' 

is exact and F = on 0, where A e is any primitive of /3. 

We conclude by checking that we can apply Lemma 12.41 and get a primitive A e 
whose norm we can bound. On the one hand, we have Xi £ for each i 

and llxi IL L J? + ■ ■ ■ + ll/tnIU L Cln the other hand, since o <1)(0, r') = r', we can 

write 


fi o 4>(6l,r') = o $(6»,r') -t gi{e,r'), 

n 

gi{9,r') := diho - dih{r') = V didjh{r' + sx{9,r'))xj{(^,r')ds. 

Let Li := Lq/2. We can apply Proposition A.l of |MS03| to the composition with <1>(0, r') = 
[6, r'+ xid, r')) or, more generally, with r') := (^6, r'+ sxi9, r')) for s 6 [0,1], because 

J^\l\a j^a 

I^a 

(indeed: this follows from L" + HxilU l h ^ 2°(2nV~^ 

II?* ° ‘^IL,i,,ij ^ II?*IL,Li,Ro 

and \\didjhoUs\\^ L,R ^ ll^*^i^lU,Li,J?o’ whence 


II5'*IIq,l,_r ^ Zll'^*^-?'^ll«,-f'i,-RollA 


J llQ,L,i? 


by the algebra norm property. Thus Lemma 12.41 gives us A e G"’^(A^) with 


L,R ^ Ci Zll?*llo,Li,Ro + Zll^*^.?^ll“Ti,Koll^.?’ll«T,fi j ^ C'f 1 -I- Zll^*^l^llaTi,Ro j^’ 
^ * i,j ' ^ *J ' 

and, using (jB.ip . we get the desired estimate with C* := 0(1 -I- \\h\\a Lq Rq)- 


2.2.2 Second step: constructing a Hamiltonian isotopy 

Proposition 2.6. Let L(),R,Ro > 0 be reals such that R < Rq. Let g e G"’^°([0,1]). 
Then there exist e;^,L,C > 0 satisfying the following: for any A e such that 

II^IL Lo Ro ^ ^ ^ there exists an open subset Lit of containing A^ 

such that 

■^rt{t)A : Lit ^ T'' X -Bro 
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is a well-defined exaet sympleetie (7°° diffeomorphism, and for each {6, r) e A'fi, 


^=^r,(t)A(6',r) = X/(^^(t)A(6',r),t), te [0,1], 


( 2 . 12 ) 


where Xf is the non-autonomous Hamiltonian vector field associated with 

f{e,r,t) := r/'(t)A((^^-(J^)W(6»,r),r), {0,r,t) 6 T” x Br^ x [0,1], (2.13) 

which is a (7® Hamiltonian function whose restriction to Afi x [0,1] is Gevrey-{a, L), with 

^ °'ll7lU,Loll^lla,Lo,i?o' (2-14) 

Proof. Let Li := Lq/2 and 


(Lo-Li)“ . ( ^ Ro-R 

:= —rr-mm i vn 


\a,Lo 


LI 


2 ’ 2«+i(2n +l)"-i J’ 


L := 


Li 


(2“+i(2n + l)"-i)V«' 


Let A e G"’^o(A^J such that e := ^ £*• 

By (jB.ip . we have Li Hq ^ ^'PPly Lemma [231 and 

we get for each t e [0,1] an open subset Qf of A^ containing Afi such that the map 


(0,r')eT^xBR„^(0,r) = (0, r'+ r?(t)vW A(0, r')) 6 L!* 


is a diffeomorphism whose inverse is (7°° on x [0,1] in the variables 0, r and t. By 
Lemma lC.il 'r](t)A is thus a generating function for Lit, inducing an exact sympleetie local 
diffeomorphism from Lit to T” x Br^: given ( 0 ,r) e Lit and ( 0 ',r') e ¥"■ x Br^, 


(0',r') = ^rt{t)Aid,r) 


r = / + 7]{t)V^^^A{6,r') 

e' = 0 + 77(t)VPU(0,r'). 


Moreover, {6,r,t) e A^ x [0,1] ^ri{t)A{^H) is (7®. 

In order to check that ^n{t)A is in fact a diffeomorphism from Lit onto x Hrq, we 
consider the map 

( 0 , r') 6 X Br, ^ ( 0 ', r') = (0 + r?(t)VP]A( 0 , r'), r') e x M". (2.16) 

By (IB.ip . we have YIi=i\\^n+iMaMPo ^ apply of Lemma[23](or 

rather a variant of it in which the Z”-periodicity assumption is removed and the roles of 0 
and r are exchanged): we get an open subset Qt of M” x Br^^ containing B^ x Br^^ such 
that the map (12.161) is a (7°° diffeomorphism from B 2 ^ x Br^ to Lit, with an inverse of 
the form 

( 0 ',r') e^t^ ( 0 ,/) = ( 0 ' + g{9',r',t),r') e ^ 2 ^ x Br^, 

with Gevrey-(a, L) estimates on B^ x Br^ x [0,1] for the components of g. Since A 
is Z"’-periodic in 0 and B^ contains [— 5 , the vector-valued function g is Z”-periodic 


27 
















in O' and extends by periodicity to the whole of M” x ; we thus get a C” diffeomorphism 

(0',r') 6 T*" X Br^ ^ (0,r') = {O' + g{e',r',t),r') e x Br^ with 




n 

Xj \\9i\\a,L,R ^ 
2 = 1 


M\a,Lo 

(Lo-Li)“^- 


In view of (I2.15p . we conclude that ^n{t)A is invertible, with inverse 


= «0' + 5(0',r',t)>,r' + ry(t)vWA(0' + 5(0',r',t),r')), 

Let us now consider the (7°° function 


(0',r')6T-xi?Ho- 


f{6,r,t) := r]'{t)A{e + g{e,r,t),r), {0,r,t) e T” x Br^ x [0,1]. 

By Proposition A.l of |MS03] (c/. also Appendix IB.ip . it is Gevrey-(Q!, L) on x [0,1] 

because 

jji\a J^a 

feN 2 -+i ,£^0 

and \\f\\a,L,R ^ \W\\a,L\\Ma,Lo,Ro ^ (LoX)^ II^IL.Lq^ (thanks to the algebra norm prop¬ 
erty and pB.m i. which yields p2.14l) . It only remains to be shown that, for each (0, r) e A^, 
the C” curve t e [ 0 , 1 ] i—> ( 0 (t),r(t)) := r) satishes the system of ordinary dif¬ 

ferential equations 

e'{t) = VP]/( 6 »(t),r(t),t), r'{t) = -VW/( 6 »(t),r(t),t). (2.17) 

On the one hand, the relations 

r = r{t) + r/(t)vWA( 0 ,r(t)), 6{t) = 6 + r/(t)vi^i A( 0 , r(t)) 

entail 

r'{t) =-g{t)(^ln + g{t)d^‘^^V^^^A{e,r{t))'j yW ^( 0 , r(t)), (2.18) 

e'{t) = 7?'(t)VPU(0,r(t)) +r/(t)dP]vPU(0,r(t))r'(t). (2.19) 

On the other hand, with the notation ■= formula (I2.13p yields 

vW/(0,r,t) = r/'(t)*(^dW^M(0,r))vWA(^M(0,r),r) 

VP]/(0,r,t) = r/'(t)VP]A(^M(0,r),r) + 77'(t)*(^dP]^M(0,r)) vWA(^W(0,r),r) 

for any {9, r, t). We rewrite this at the point [6{t),r{t),t ), using the fact that the Jacobian 
matrix of at (0(t),r(t)) is the inverse Jacobian matrix of ^rj(^t)A at (0,r), whose first n 
lines are given by pC.Op . thus 

( 6 '(t),r(t)) = (^ln +git)S^^S/^^^A{e,r{t))'^ , 

[9{t),r{t)) = d^^^^Pp9{t),r{t))d^'^^V^'^^ A[9,r{t)), 
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and 


vW/( 0 (t),r(i),t) = 7 ?'(t)(l„ + 7 y(t)dP]vW^( 0 ,r(t))) Vw^( 0 ,r(t)) = -r\t) 
by (I2.18p . and 

r(t)) + ri{t)d^‘^^'V^‘^^A(^9,r{t))r'{t) = d'{t) 

by (I2.19j) . hence (I2.17h is proved. □ 

Remark 2.7. The fact that t ^n{t)A is a Hamiltonian isotopy is standard result of basic 
symplectic topology, however the explicit formula (I2.13P for the non-autonomous Hamilto¬ 
nian function f is new. This explicit formula was needed to obtain the estimate (|2.14l) . 


2.2.3 Completion of the proof of Theorem lEl 

We now prove Theorem lEl We thus give ourselves reals Lo,R,Rq > 0 such that R < Rq 
and a function h e We pick Ri 6 {R,Rq) and p 6 1]) such that 

ry = 0 on a neighbourhood of 0 , ?? = 1 on a neighbourhood of 1 , and 0 ^ ^ 1 on [ 0 , 1 ] 

{e.g. r]{t) = G{t)/G{l) with G{t) = 5o-^('S)ds, where F e 1]) satishes F ^ 0, 

F{^) = 1, T||-q i]^j [3 y = 0; such a function F is constructed in Lemma A.3 of |MS03] —see 
also Lemma 3.3 of |MS04j quoted in Appendix IB.41) . 

Applying Proposition 12.31 with Lq,Ri,Rq and h, we get constants ei,Li,Ci such that, 
for any exact symplectic map 'L 6 A”") with 

Ill'll( 2 - 20 ) 

there exists A e G“’^i(A^J such that A^^ ^ A^^ is a well-dehned exact symplectic 
map, 

^ ( 2 - 21 ) 

Applying Proposition 12.61 with Li,R,Ri and r]: we get constants e 2 ,L 2 ,C 2 such that, 
for any A 6 G“’^i(A^J with ^ 62 and for any t e [0,1], there exists an 

open subset Qt of A"’ containing A^ such that i^r]{t)A '■ fit ^ T” x is a well-dehned 
exact symplectic (7°° diffeomorphism, t 1 -^ ’i^r]{t)A{S h) satishes the ordinary differential 
equation (12.12P for each (0,r) e A^, with / e C'°°(T"' x x [0,1]) such that 


f{9,r,t) := 

Let us set 

:= minjei, —82 

and choose L* > 0 small enough so that 

L“(l + L^) 


,L2,R ^ 2“L^ (2.22) 

2“Ci„ ,, 


a := 


L? 






lo,Lo 




(L 2 - L,)"(Lo - -^^ 2 )“ ^ ( 2 n + 1 ) 


(2.23) 


Given an exact symplectic map 'L e G"’'^°(A^^,A"") such that (I2.20p holds, we get 
from Proposition 12.31 a function A satisfying (I2.2ip . Since Gi e ^ £ 2 , we can then apply 
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Proposition 12.61 to the generating function A and get a non-autonomous Hamiltonian 
function / e C'°°(T"’ x Bji^ x [0,1]) as in (|2.22p . for which the flow between time 0 and 
time t on coincides with ^ri{t)A (because the differential equation (12.121) is satisfied 
and 7/(0) = 0, = Id). Notice that 11/11^^ L 2 

For t e [0,1], we dehne ■= o on this is an isotopy from Id to 'h, 

and one checks easily that it gives the flow between time 0 and time t on for the 
Hamiltonian function 


H{e, r, t) := h{r) + / o ^>(0, r, t), 


(0 ,r,f)eT” X Br^ x [0,1], 


where <h(0 ,r,t) := [9—t\/h{r),r,t) (because is symplectic and d>(x, t) = (<k~*^(x, t), t), 
hence d^^’^{x)Xf{x,t) = Xfoq,{^^^{x),t)). Since r]'{t) = 0 in neighbourhoods of 0 and 1, 
the formula 

H{e,r,t) = h{r) + 7/'(t)H((^"|^^)W(6» - tV/i(r),r),r) (2.24) 


shows that H can be extended by Z-periodicity in t, so that we get H e C'“(T”' x Br^ x T), 
which can be viewed as a suspension of 'I'|a" • 

By Proposition A.l of [MSOS] (c/. also Appendix IB.ip . we have xT ^ (A^ x T) 

and 


|H-h|| 


a,L^,R 


= 11/0^11 


a,Lit:,R 




a,L2,/2 


^ a 


because the components of $ satisfy 






T 








(2n + 1) 


OL—l ’ 


i = l,...,2n + l (2.25) 


I^ce 

(indeed, the left-hand side is ^ -I- L 2 R 

of Lemma El which is ^ L“ + (L2 -l!)^4^o-A2 )- II^IU,Lo,i?o 
from (j2.23p l. This ends the proof of Theorem lEl 


by a (2n -I- l)-variable variant 
by pB.ip . hence p2.25p follows 


2.3 Proof of Theorem (Nekhoroshev Theorem for maps) 

We now prove Theorem |A] of Section 11.11 To this end, we first recall the exponential 
stability theorem for near-integrable quasi-convex Hamiltonian flows in its most recent 
formulation. Theorem lEl will then allow us to transfer this result to near-integrable maps. 

Theorem (Bounemoura-Marco [BMll] ). Let N ^ 2 be an integer. Let a ^ 1 and 
L, R, RQ,m, E > 0 be reals such that R < Rq. Then there exist positive reals e*,c*, 
and, for each positive p < Rq — R, positive reals e'p ^ e* and dp ^ c*, and, for each 
positive a < ^, positive reals e'f ^ and c" ^ c*, satisfying the following: 

For each h e G°‘’^(BRg) such that ||/i||^ ^ E, Vh{r) A 0 for every r e Br^ and 

%d'\/h{r)v ^ m\\v\\ for all v e orthogonal to V/i(r), (2.26) 

and for each H e G"’^(A^^) such that e := \\H — i ^ e*, every initial condition 
(0[o] ^ t-M] 

in gives rise to a solution t (0 (t),r(t)) of Xr which is defined at least 
for |tI ^ exp (c* (d) 2 (iv-i)a ] ^ 
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(i) e ^ e'p 

(ii) e ^ e" 

(in) e 


and |i| ^ exp 


and |t| ^ exp 


and |i| ^ exp 



r{t) — 
\r{t) — 

r{t) — 


< 




1 - 


1 


^ J-e2iv. 


if a = l, 
if a > 1, 


Remark 2.8. This result is given in WMl i]/ in a slightly different presentation and we 
took the opportunity of correcting a slight mistake in the time exponent in the case a > 1 
of (ii): in WMl ij/ . it should he 2(Afj-i)a “ ^ ® parameter 5 e (O, 2N(n-i) ) 

2(A''-i)a — d as is written there), and we introduced a = 2{N — 1)5. 

It is a refined version of the Nekhoroshev theorem for analytic or Gevrey Hamiltonians 
in the case of an m-quasi-convex integrable part, i.e. in the case of a function h{r) satis¬ 
fying the condition ()2.26p . The article is the last of a series of attempts to obtain 

the largest possible exponents a in the stability time exp (^const ^ and b in the corre¬ 
sponding confinement radius const after the original work of Nekhoroshev in 1977 for 
analytic steep Hamiltonians, the refinement by Lochak-Neishtadt and Pdschel in 1992-94 
for analytic quasi-convex Hamiltonians (which gave the exponents a = b = -^ as in (Hi) 
in the case a = 1), and the first Gevrey stability theorem by Marco-Sauzin in 2002 still in 
the quasi-convex case (which gave the exponents a = 27^ and b = ^ as in (Hi) in the 
case \). 

Bounemoura-Marco’s article JBMll^ focuses on the stability time (rather than the con¬ 
finement radius, which is anyway a less important issue), for the Gevrey case (a ^ \); 
their discovery is that one can obtain a time exponent a arbitrarily close to 2(Af-i)a 
the price of a smaller exponent b, or even equal to that value at the price of accepting a 
weaker notion of confinement: there is an arbitrarily small confinement radius p but it 
does not tend to 0 with e. This weaker confinement property is all we need when studying 
wandering domains (see Section\K^ . 


Remark 2.9 (Stabilization by resonances). The phenomenon of stabilization by reso¬ 
nances for quasi-convex Hamiltonians was first proved by Lochak-Neishtadt and Pdschel 
in the analytic case; Marco-Sauzin’s article JMSOSf contains a generalization to the Gevrey 
case a ^ 1 obtained by adapting Lochak’s periodic method. The result can be formulated 
as follows: 

For any submodule M. of TP of rank niult(Al) e — 1}, consider the resonant 

surface 

n 

Sm :={?■£ R_Ro I ^ kidihfr) = 0 for all k e M.), 

which is a umlt{N4)-codimensional submanifold of Br^ a Then there is an improve¬ 
ment of the stability property whenever the initial condition lies at a distance 
of Sm- for any real a > 0, there exist e,c > 0 (which depend on a, L, R, Ro,m, E,a,M.) 
such that, for any m-quasi-convex h e G°‘’^{BRfij such that ^ E, for any 
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H e such that e := \\H — h\\^ ^ ^ e, for any initial condition (0M,rM) 

in such that 

dist(r[°], 5x) ^ (Te^/^, 
the solution (6{t),r{t)'j of Xh satisfies 

|t| ^ exp ^ ^ ||r'(i) - r[°]|| ^ 

1 , , 1 

with a := ^— and b := —- , . . ■ 

2(^N — mult(Al))Q; 2{N — mult(Ad)) 

Proof of Theorem VA[ Let us give ourselves n ^ 1 integer and a ^ 1, L, R, RQ,m, E > 0 
reals such that R < Rq. Let Ri ■= . 

Applying Theorem lEl with n, a, L, Ri,Rq, E, we get positive reals ei, Li, Ci such that, 
for every h e such that ^ E and every exact symplectic map T 6 

A"") such that e ;= Hl'h —^ ^ ei, there is a suspension H 6 G"’^i(A^^ x 

T) such that \\H — h\\^ ^ Gi£. Without loss of generality, we can assume Li ^ L 

and Cl ^ 1. 

Let N := n + 1, El := Ri + Li + E, mi := • Applying Bounemoura- 

Marco’s theorem with N,a, Li, R, Ri,mi, Ei, we get positive reals £*,5*, and, for each 
positive p < Ri — R, positive reals e'p ^ e,j= and ^ c*, and, for each positive a < 
positive reals e" ^ e* and c" ^ c*, such that, for any mi-quasi-convex h and any H 
in C"’^i(AJ+^) such that \\M\a,Li,Ri ^ ^ ■= 11 -^ “ ^IL,Li,Ri ^ initial 

condition (0M, fM) in A«' gives rise to a solution of defined at least for |t| ^ 

exp (c* (i) ), which satisfies the properties (i), (ii) and (iii) of Bounemoura-Marco’s 

theorem. 

We now check the statement of Theorem la for an m-convex function h e G°^'^ {B 
such that ^ E and an exact symplectic T e G“’'^(A^^, A"") such that 

e := |||T - ^^\\\o,,l,Ro ^ ■= min{ei,e,,/Ci}. 

Let H e C“’^^ (^Ri ^ '^) denote the suspension of T obtained from Theorem |El We 
introduce the (n + l)-degree of freedom autonomous Hamiltonian functions 

h(r,rn+i) := rn+i + h(r), H(d, r, d^+i, rn+i) ■■= r^+i + ff(0, r, ff^+i) 

for (0, r, 0n+i, ^n+i) £ X T X M ~ x Bji^ x M, which contains One 

easily checks that ||h||^2.i_Ri ^ ^'^d h is mi-quasi-convex. Since \\H — = 

11-^ “ ^WaLiRi ^ ^ Bounemoura-Marco’s theorem ensures stability properties 

for all the solutions of starting in The conclusion stems from the fact that 

the solutions of the autonomous vector field are related to the solutions of the non- 
autonomous vector field Xh, which, in turn, interpolate the discrete dynamics induced 
by T; in particular, if the initial condition is of the form = (0,r,O,O), 

then the value of the solution at any integer time k such that |A:| ^ ^xp (c* ) 

satisfies 

{9{k),r{k)) =^H0,r), en+i{k) = k, rn+i{k) = H{e,r,0) - H{^'^{e,r),k), 
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hence the properties (i), (ii) and (iii) in Bounemoura-Marco’s theorem imply the de¬ 
sired properties for the discrete orbits of 'h starting in A^, with := Ep := 

min{ei,e^/Ci}, dp := e" := min{ei,c" := □ 


2.4 Proof of Theorem [B] (upper bounds for wandering sets) 

We now prove Theorem iBl of Section [1.21 Let us give ourselves n ^ 1 integer and a ^ 1, 
L, R, RQ,m, E > 0 such that R < Rq. We take and c* as in Theorem s 

Given an arbitrary m-convex function h e such that ||h||^2._Ro ^ ^ 

map T as in the statement of Theorem El with a measurable wandering set W cz A^, we 
can apply Theorem lAl to . This shows that for a point {0,r) e A^, all the iterates 

with |A;| ^ := exp (c* ) stay in A^. In particular, all the sets 'I'^(W) 

with I A: I ^ /c* are contained in A^^. But these sets are pairwise disjoint and they all have 
the same Lebesgue measure, therefore (2A:* -I- l)fi{W) ^ ij.{A'^), which yields the desired 
estimate (diminishing the value of e* and c* if necessary). 
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3 A quantitative KAM result — proof of Part (i) of Theo¬ 
rem |D] 

As announced in Section o this section contains the proof of the two-dimensional case 
of Theorem [D] stated there. This proof is based on an auxiliary result, Theorem iFl which 
will also be instrumental in the obtention of the full proof of Theorem [D] in Section 14.21 


3.1 Elliptic islands in A with a tuning parameter — Theorem [Fl 

We will take the liberty of identifying a 1-periodic function on M with a function on T. 
Here is the auxiliary result which has been alluded to: 


Theorem F. Let a > 1 and L > 0 be real numbers. Suppose, on the one hand, that V e 
is a 1-periodic function and that Lq,0*,pq are positive reals such that Lq < ^ — 9* 

and 


(i) —Lq ^ ^ Lq 

(ii) i - 0* ^ ^ i + 0* 
(Hi) e-liz 


V{e) = -ipg 
v{e) = -( 0 - 1 / 2)4 
v{e) < 0 . 




1 

2 


We use the notation 


Py/^ 2 ( 0 ,r):= V + forNen\ 


(3.1) 


Suppose, on the other hand, that 6 is a real number such that 0 < 5 < po/2, and that 
{Wi\f)NeN* is a sequence of 1 -periodic functions ofC^fR) such that 

(iv) -^^9^^ ^ Wn{ 9) = l9^ 

(y) 0^1 ^ ^ 0 _ 

Then there exist positive reals Ci,C 2 ,Cs, C 4 such that, for any integers g, iV e N* such 
that q ^ CiN and for any real p e (O, C 2 N^/q^), the exact symplectic map of A 

:= o ^^v/n2 (3 2) 


admits a q-periodic disc cz A 3 , with all its iterates also contained in A 3 , such that 

^3]^ ^ area(T)q,Ar,^) ^ <^4-^ (3.3) 

and 

Dq^N,t,^ ^S/{2N) 3 ^s/n = 0 fori ^ q-1. (3.4) 
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The proof of Theorem |F] is given in Sections I3.3H3.71 Recall that the notations 
and were introduced in (11.171) . 

Observe that, when V,Wn e we have GN,^^ e this map can be 

viewed as a perturbation of the “pseudo-pendulum” . Here, we have two external 

parameters, N and fi (changing them amounts to changing the discrete dynamical system 
we are dealing with), and one internal parameter, q (we may vary it, e.g. taking it larger 
and larger, while keeping the same system We call /r the “tuning parameter”; 

an appropriate choice of jx will yield Theorem |D](i) in Section 13.21 and Theorem [D](ii) in 
Section 14.21 


3.2 Theorem [F] implies Part (i) of Theorem iDl 


Taking for granted Theorem m we now show how Theorem [Plil follows. 

Let a > 1 and L > 0. With the help of “bump functions” as in Appendix IB.4[ 
we can easily choose V e G“’^(M) satisfying conditions (i)-(iii) (for whatever choice of 
Lq,6*,pq). We choose po > 2 and 5 = 1. For the choice of the sequence (ITAr)ArsN* 
we apply Lemma IB.51 which produces a real c{a, L) > 0 and a sequence of 1-periodic 
functions (r/Ar)AfsN* in G"’^(M) such that 


-^ ^^ ri]\[(9) = 1 , — ^ 0^1 - 

2N 2N ’ N N 


r]N{0) = 0 


and 

llr/Arllo, 2 , ^ exp ^c(a, L) forallA^eN*. (3.5) 

We then set Wn{9) ■= ^?7Ar(0) (dist(0, Z))^, so that 


\\WN\\a,L^Co exp(^c{a,L)N^^ for all iV e N* (3.6) 

with some constant Go > 0, and we apply Theorem |Fl 

We get Cl, 6 * 2 , Cs, 6*4 > 0 fulfilling the conclusions of Theorem |Fl Observe that for¬ 
mula (j3.2jl dehnes GN,fj. e .^^’^($ 2 ’'^) with 

^^l|P|U + Co/rexp(c(«,L)iV^) (3.7) 

for any integer ^ 1 and real p > 0. Recall that Nj := Pj +2 is given by the prime number 
sequence. We set 




mm ■ 


fCsA^ 1 


2q^ 


Nf 


exp ( — c(a, L)N^ 


1 

a — l 


^j,q ■- Gnj, 


3 ’ 




:= D, 


Q,Nj 


(3.8) 

for all j,q e N* such that q ^ CiAj (notice that q is well defined because e 

( 0 , G 2 Nj/q^^ for such values of j and q). 

Let us check that the conclusions of Theorem [HKi) are fulfilled. Since (13.8p entails 
Pj^qexp (c{a,L) ^ 1/Nf, we deduce from ()3.7p that 




3,Q 








R| 




Q;,L 


Co 


Nf 
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According to Theorem iFl is a g-periodic disc for whose orbit is localized precisely 
as desired, in particular (I3.4p amounts exactly to (ll.22p . Now, by (j3.3l) . 

Cg(%<?) = area(%g) > min exp (^ - c(a, ) | 

^ 1 ^, exp - clV/"') | 

with := ^C 2 C 3 and c := 2c{a,L) for j large enough. This ends the proof of Theo¬ 
rem [D)^i). 

3.3 Overview of the proof of Theorem [Fl 

The rest of Section [3] is devoted to the proof of Theorem |Fl 

We thus give ourselves once for all a,L,V and {W]\f)NeN* as in the statement. Let us 
begin with a brief overview of the method. 

The pseudo-pendulum has a degenerate equilibrium point at (^,0), with an 

“upper separatrix” {(0,r) e A | r > 0 and Py/j^ 2 { 6 ,r) =0}; see the figure on p. [371 
It also has periodic points of arbitrarily high period located near this upper separatrix, 
and the effect of the perturbation is to create elliptic islands around these 

periodic points. 

We will estimate the size of these islands by means of Herman’s quantitative version 
of the two-dimensional KAM theorem [HeOl] recalled in Section [3.61 To do this, we have 
to compute parametrized normal forms of high order, the parameters being the size of the 
perturbation (measured by 1/N and /u) and the period q of the island. 

More precisely, for q large enough, we will study the g-th iterate of Gm,^i in a neighbour¬ 
hood of a g-periodic point in Section [3.41 and, in Section [3.51 find normalizing coordinates 
in which Herman’s version of the invariant curve theorem can be applied to 

3.4 Preliminary study near a g-periodic point of GN,^l 
3.4.1 Localization 

We begin with dehning a suitable notion of adapted box, to be used in this section as well 
as in Section K 2 [ 

Definition 3.1. Let q be an integer ^ 2 and fix d e (0,1/2). Consider a Hamiltonian 
function LI : A —> R. A g-adapted box for H and is a rectangle H = / x [a, 6 ] c T x R 
contained in SSd such that 

i) for 1 ^ t ^ q — 1, n A^d = 0; 

It) 

This section is devoted to the construction of an explicit g-adapted box centered at a 
g-periodic point Og^N, as defined below, with respect to the system TV/v^ and 
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In the same way as for the classical pendulum, the integral curve 


:= {{6,r) 6 A | r > 0 ,Py/^2{6,r) = e} 

is a closed curve if e > 0 , so the flow t i—> {6,r) is periodic on with a period 

Tv/N^{e) given by 

pi 7 

Ty,^2{e) = , . ( 3 . 9 ) 

' Jo V2(e - V[u)/N^) 

Definition 3.2. Let q > 0 be a real number. Let = (0,rq^jv) denote the unique 
point that satisfies rq^j^ > 0 and Ty/^2{aq^N) = Q- We also set eq^N = Pv/N^i^q,N) and 
Pn = Po/N. 



Note that pM is the height of the separatrix ^ 5^0 above [—Lqj-^o] x {0}- We identify the 
time-1 flow ip = j^g ]^2 satisfying y?'?(0,We set 

Bqififi) := [-fifi] X [rq^^ - fi,rq^^ + I'l 

If there is no source of confusion, we may identify Bq{i,i') cz with its image in A. We 
also denote 9 the projection to the first coordinate, from A to T, or from R^ to R. 


Proposition 3.3. Assume N is a positive integer and q is real number. If N ^ Nq and 
q ^ qoN then we have 


Pn ^ rq^N ^ 2pAr, 


Ar 2 Ar 2 


iV3 Ar3 

and Cs^ ^ Vq^N - Pn ^ <^4^; 


if q ^ 2 and 0 < 5 < pol2, if we set i = 6 /{AN) and i' = then Bq{£,£') is a 

q-adapted box with respect to Py/N^ and where Nq, qo, Ci, C 2 , C 3 , C 4 and C 5 are 

positive constants (which depend only on V). 

Furthermore, if q ^ > with (gg — qo)No ^ 1, then we have 


PN < Tq+i^N <r < Vq-i^N ^ “IpN, for all {9,r) e Bq{£,£'). 


For the convenience of the reader, the proof of the proposition is split as follows. 
Lemma [3j^ provides a criterium for a rectangle to be g-adapted for the system Py/N'^ and 
Lemma 13.51 extracts from the system Py all the properties we need. This eventually gives 
an explicite estimate of the size of a ( 7 -adapted box in Proposition 13.61 when = 1. 

In order to generalise these resuts to the system when N ^ Nq is arbitrary, we note 
that the systems N‘^Py/N^ and Py are equal up to a dilatation in the coordinate r. From 
this. Lemma [37fl gives explicit dependances between the two systems Py and Py/N^ for 
the main quantities we may compute. 
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Proof. Assuming Proposition 13.61 Lemma 13.51 and Lemma 13.71 we prove Proposition 13.31 
• Since — PQ)f2, we have po < ^ 2po if and only if 0 < ^ |/9g. Let 

go > 0 be the unique real number such that = 3/9q/2; Lemma 13.51 [m)l with k = 0 
shows that 

co/q ^ ^ ci/g, for g ^ go, 

where cg and c\ are positive constants (which depend only on V). Therefore, for g ^ go, 
we have 0 < ^ ^qo,i^ so 


Po < Tq^i ^ 2po ; ^ ^ eg,i ^ 

q 4 : 

Furthermore, we have = \{rq^i + po)(^"g,i — Po)- Since po < \{fqp + Po) ^ 2po, it 
follows that 

2po 2po Po Po q^ 

Since Lemma [3171 shows that Vq^N = Tqjj^^i/N., we obtain that 

iV3 

PN < rq^N ^ 2pAr and Cs^ ^ at - pw ^ C4^, provided q/N ^ go, 
with C 3 := c^/(2po) and C 4 := cf/po. 

In a similar way, since Lemma 13.71 shows that Cq^N = eg/ 7 v,i/-^^, we obtain that 

Ar2 

^ eg,AT ^02^, provided q/N ^ go, 

g g 

with Cl := Cq and C 2 ■= cf. 

• We now construct the g-adapted box. Proposition 13.61 with V/N'^ substituted to V 
shows that the rectangle Bq{£,P) is g-adapted with respect to Py/N^ and provided 

we have 0 < 5/N < Sq^n, ^ and 


£' = 


N 


fq^N - PN 
ro,N 


5/4 


Here tq^n and (5o,w are the corresponding constants for PvjN'^ given by (j3.15l) . that is 

ro,Ar := 2 • (40Co,wPw)"^^ (3.10a) 


5o^n = min Lo;pAr/2; 


„5/4 

' 0,N 


= mm 


Lo; pn/2; 20 • 2^/^p]i^Co,N^ , (3.10b) 


where Co,n = as it appears in l3.7rD|) . Since pm = po/N, we observe that Co^wp^^ = 

CoPo^ 1 so 5o,n = Po/{2N) \i N ^ No with A"o large enough (depending only on Lg, Co 
and Po), and we have 


ro,N = with Ce = 2- (dOC'oPo)'^/^ 
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This implies that 



AtVs 


5/4 


C5^6, with Cs = 


Since C5 depends only on V, this proves that Bq{£,£') is a suitable g'-adapted box. 

• Now we assume that g — 1 ^ goA^ and we prove the estimates of the proposition on rg^i^N 
and rg+i^Tv- Notice that the assumption g ^ qqN + (qq — go)N'o implies that g — 1 ^ Qo-^, 
hence pjv < r,+i < Vq-i^jv ^ 2pjv- 

Furthermore, since there exist (g — l)-adapted and (g + l)-adapted boxes repectively 
centered at Uq-i^jy and Og+i^Ar, the image points (p‘^(aq+i^]v) and (p'^(aq-i^jv) = (p(aq-i^jv) 
do not belong to so Og-i^jv and are not in Bq{£,£'). This implies that 

Bq{i,i') cz {{9,r) I rq+i <r < 


and the proof of the proposition is complete. □ 

Lemma 3.4. Assume g ^ 2 and 0 < 6 < min(/? 05 -bo)- We set mg = Ug^N — o.nd 

Mq = Uq^N + (^,^0- Then there exists £ > 0 and T > 0 satisfying the following properties. 

(a) £ < 6/{2N) and pM + £' < ?’q, 7 v; 

(b) 5/N < e{p{mq)); 

(c) e{p^-\Mq)) < 1 - 5/N; 

(d) \e{ip^{mq)) - 1| < 5/(2N) and \e[gz%Mq)) - 1| < 5/{2N). 


Furthermore, if these conditions are fulfilled then Bq = Bq{£,£') is a q-adaped box. 

Proof. We abreviate Og := ag^N and rg := rg^M- Note that rg > p^ > 5/N since we have 
chosen 0 < 5 < po/ 2 . Assume first that £ = £' = 0, so mg = Mg = Og. Condition [|) in 
Lemma [3.51 implies that either rg ^ Lq and 6 {(p{aq)) = rg, or rg > Lq and 9{p{aq)) > 
Lq. In both cases, we have 9{(p{aq)) > 5/N. In the same way, either rg ^ Lq and 
9{ip'^~^{ag)) = 1 — rg, or rg > Lq and 9{ip'^~^{ag)) < 1 — Lq. In both cases, we have 
9{(p'i~^{ag)) < 1 — 5/N. At last, we have 9{(p'^{aq)) = 1. Thus Conditions (a), (6), (c) 
and (d) are fulfilled for £ = £' = 0. Since these conditions are open, this implies that this 
already holds for {£,£') close enough to zero. 

Now we check is that these conditions imply that Bg is g-adapated. Let assume that {£,£') 
satisfies (a), ( 6 ), (c) and (d). 

- We first observe that we have Bg a since £ < 5/[2N). Furthermore, we may 

observe that the condition po/N + £' < rg implies that Bg is completely above 5^^. 

- We now prove (I) in Dehnition 13.11 Notice that 9{ip*'{m)) is increasing with t > 0 if m e 
Bq{£,£') since m is above the separatrix 5^^. Therefore (b) shows that 9{p^{mq)) > 5/N 
for t ^ 1. From this. Lemma 13.51 implies that 9{gA{m)) > 5/N for all m e Bq{£,£') and 
t ^ 1. In the same way, (c) shows that 9{(p^{Mq)) < 1 — 5/N for t ^ g— 1, so Lemma [331 Ej) 
implies that 9{ip^{m)) < 1 — 5/N for all m e Bq{£,£') and t ^ g — 1. This proves that 
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5/N < 9{ip*'{m)) < 1 — 5/N, for 1 ^ t ^ (7 — 1 and m e which implies (I) . 

- At last, we prove fiil) in Dehnition 13.11 Notice that (d) shows that (p^{mq) and (p^{Mq) 
belong to the band (1,0) + Bs/(^ 2 N)- Therefore Condition [|) in Lemma [3.51 implies that 
1 — 6/{2N) < 6{ip'^{m)) < 1 + 6/{2N) for all m 6 Bq{i,i'), which implies Fuji . 

Thus Conditions (a), (b), (c) and (d) imply the required properties for Bq and the proof 
of the proposition is complete. □ 


Lemma 3.5. The system defined by Py satisfies the following properties. 

i) Assume t > 0 , 60 € M., rQ ^ 0 and Pv{6o,rQ) = 0. Then 6 o ip^^^{6Q,r) is an 
increasing function of r e [rg, + 00 ). 

ii) Ty is an increasing bijection from (0, + 00 ) onto itself; 


in) For each integer k ^ 0, we have 


rp{k) 


(e) 


gfc+I V ^ / Jo (1 + X'^)^+V2 


as e > 0 tends to zero. 


iv) If we set AT(r 2 ,ri) = Ty(Py(0,ri)) — Ty{Py{Q^r 2 )) then we have 

T\iT2 — T-[) 

0 < AT(r 2 ,ri) ^ Cq - provided po < ri < r 2 ^ 3po, 

in - po) 


where Co is a positive constant (which depends only on V). 
Proof. [3). For every f > 0, we have 


Jeo \/‘^{e{r) - V{u)) 

Since the energy e(r) = Py{9o,r) = + V{9q) is increasing with r ^ 0, it follows that 

9 o if^ifio, r) is increasing with re [rg, + 00 ). 

[mD . It follows from (|3.9p that Ty is a continuous and decreasing function and converges to 
zero at infinity. We have Ty(0) = +00 because V{9) = —{9 — 1/2)'^ for \9 — 1/2| ^ 9*. 

[m|l . We compute 


r d9 

V V Jt V2(e-I/(0))Hfc 

1 / i \ p-®* — dB — ^^ 

^/2\ J-i+ 0 * (e - F( 6'))^+2 V Jo (e + 6 ' 4)*'+2 


Since 

that 


de 

ie-V(e)fi+i 


< 



de 

(_y( 6)))'=+2 


is bounded independantly of e, it follows 




d9 

(e + 04)fc+| 



d9 

(l + 04)fc+| 
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as e tends to zero, and this completes the proof of [m|) . 

fwjl . Notice that Pv{0,r) = (r^ —/9g)/2 < Ap^ if po < r < 3/?o- Furthermore, Condition !^ 
shows that there exists a constant B such that 0 < —Ty{e) ^ if 0 < e ^ Ap^ ; we 

set r(r) = AT(r,ri), for ri ^ r ^ r 2 , so we have: 

0 ^ T'(r) = -rTy{H{f),r)) ^ 5r((r2 - ^ Sri((r? - p^)/2)"®/^, 

hence the estimate as claimed, with Cq = Bp^ since (rf — Pq)/2 ^ ~ Po)- D 

Proposition 3.6. There exist positive constants 6o and vq (whieh depends only on V) 
such that for each integer q ^ 2 satisfying po < ^ 2po o-nd for 0 < 6 < 6o, if we set 

i = 5/4 and i' = 6 ■ ' 

then rqp — > pQ and Bq{£,T) is q-adapted with respect to Bs and the system Py- 

Proof. Here we abreviate := Vgp and Oq := Oqp and we prove that £, t", mq = Oq — {£, £') 
and Mq = Og + {£,£') satisfy Conditions (a),(b),(c) and (d) in Lemma EH] with N = 1, 
provided that ro and 5o satisfy suitable conditions. We recall that we assume that 5 < po/2, 
so we may already set the constraint 


<^o ^ /5o/2. 


(3.11) 


We decompose the proof of the lemma in hve steps : first we prove that Bq{£,£') is above 
the separatrix r = pQ. Then we estimate the variation of the period inside Bq{£,£') and, 
at last, we check (5), (c) and (d). 

Step 1 : we prove that £' < {rq — po)l2. Notice that 0 < — po ^ POi so we have 

f—— = ^ < 2 ’ Provided that 5o ^ (3.12) 

9 pu Tq Tq ZPq 

This implies that rq — £' > \{rq + po) > po- Since we have £ = 5/4 < 5/2, we obtain 
Condition (a) of Lemma 13.41 

Step 2 : we prove that £ + {rq + £')t < 5/2, where £ = 5/4 and r = £ST{rq + £' , rq — £'). 
Step 1 shows that £' < \{rq — po) ^ |po- Set r'q = Vq — T; since po < rq — £'< rq + £' ^ 3pQ, 
Lemma [331 fni)) shows that r ^ 2Co£'r'q{r'q — pq)~^I‘^. Since r'q — po = rq — pQ — £' > 
and Tg + £' < |p 0 ) since r'^^rq ^ 2po , it follows that 


T{rq + £') < 5rpo/2 ^ 


10 Co£'pI 
((’’? -Po)/2)^/^ 


10 Cq£'pI 

{{fq - Po)/2)®/^ 


10 CqpI ^ 5 

(ro/2)5/4 -4’ 


which proves the claimed estimate, provided 


iQgopg < 1 

(ro/2)5/4 ^ 4' 


(3.13) 
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Step 3 : we prove (d). Set a+ = {i,rg), = {—£,rq) and notice that 6 {tp'^{a'^) = 1 + ^, 

6 {ip'^{a~) = 1 — i, provided that i ^ Lq; we assume that 

<Jo ^ Lq. (3-14) 

Since 0{Mq) = 0(a+), 6 {mq) = 0{aq) and since Step 2 implies that £+T{rq+i') ^ 6/2 ^ Lq, 
Lemma 13.51 [i|) implies that 

I 1 + ^ e{^i{Mq)) ^ 1 + £ + T{rq + f); 

I 1 - - T(rg - i') ^ 0 {^p^{mq)) 1 . 

This implies that 1 + 5/4 ^ 6 {(p'^{Mq)) ^ 1 + 6/2 and 1 — 6/2 ^ 9{(p'^{mq)) ^ 1 — 5/4, which 
proves (d). 

Step 4 : we prove (c). Recall that Step 3 implies that 1 ^ 9{(p‘^{Mq)) ^ 1 + 5/2 ^ 1 + Lo, 
so either 5 — {vq + f) < —Lq and 9{(p‘^~^{Mq)) < 1 — Lq; or 9{if'^~^{Mq)) < 1 + 5 — (r^ + £'). 
Since Lq > 6 and rq + £' > pQ ^ 25, we obtain in both cases that 9{ip'J~^{Mq)) <1 — 5, 
which completes the proof of (c). 

Step 5 : we prove (b). Either —i + (r^ — i') > Lq, so 9{ip{mq)) > Lq ^ 6 , or 9((p(mq)) > 
—£ + (vq — £')>—£ + pq > 26 — £ = 75/4 > 5. In both cases, this proves (b). 

Thus we obtain Conditions (a), (b), (c) and (d) in Lemma EUl provided Conditions (|3.1ip . 
()3.12l) . ()3.13l) and (13.1411 are satisfied, hence the proposition holds true if we set 

ro := 2 • (40Copg)^/^ (3.15a) 

5o = min ^Lq; y; {lq-,Pq/2-, 20 • 2^/'^p]I^C^ , (3.15b) 

where Cq is the constant in Lemma [331 [iB . Thus the constants ro and 6 q depend only on 
V and the proof of the proposition is complete. □ 

Lemma 3.7. Assume N and q are positive real numbers. Then the following holds true. 

i) For all e > 0, we have Ty/j^ 2 {e) = NTv{N‘^e); 

ii) for all r e M, we have N‘^Py/j^f 2 { 0 ,r) = Py{0, Nr); 

Hi) CLud rq^jy = J^rq;]\j^i, 

iv) for each integer k ^ 0 , we have j,^ 2 {eq^N) = N‘^^"^^T^\eq/]yp) ~ {-l)^ 
uniformly as q/N tends to infinity, where fdk is a positive constant (which depends 
only on k); 

v) with AiyT{r 2 ,ri) = Ty/]y 2 {Py/yf 2 { 0 ,ri)) - Ty;yf 2 {Py/jy 2 ( 0 , r 2 )), we have 

0 < Ar 7 v(r 2 ,ri) ^ CqN’^!^ ’ Provided pN < ri < r 2 ^ 3pN, 

where Cq is a positive constant (which depends only on V). 
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Proof. The first two conditions follow directly from the formulas ()3.ip and ()3.9p . 
[mP We usell) to compute 

Tv{e.q/N,l) = q/N = Tv/N^{eq^N)/N = Ty Oq^N), 

so &qiN,\ = for Ty is One to one. In a similar way, we use to compute 

Py{0,Nrq^N) = = N'^eq,Neq/N,l = -fV(O) 

so Nvq^jy = ^'g/Tv,! since the function Py{f), ■) is one to one, and this proves [mP. 
[u>P It follows from[|) that 


rp{k) 

^V/N^ 


{(^q,N) 



{Ty{N^e)) = 

q,N 




and this completes the proof of the equality in[i^. Furthermore, since CqjN,! tends to zero 
as q/N tends to infinity. Statement [mP implies that 




/ i\ r+“ dx 

(eg/iv,i)^+n wJo (l + x4)fc+i/2 


and q/N = Ty{eqjjy^i) 


1 r+“ dx 

Jo (l + x4)l/2- 


This implies with 



r+“ dx dx 

lo(l + x 4 )fc+V 2 / (l + x 4 )l /2 


Ak+l 


dp follows from Lemma 13.51 fnip . This holds true because this asumptions on ri , r 2 and O 
imply that po < Nr^ ^ 3p0) k = 1,2, and 


Ty/N2{Py/N2{0,rk)) = NTy(^N‘^Py/^2{0,rk)^ = NTy{Py{0,Nrk)), 

r^ (ro — r^ 

so 0 < AAr(ri,r2) = fVA(A^ri, A^r2) ^ Co— -—, 

(r-i - pn) 


which proves dp and completes the proof of the lemma. 


□ 


3.4.2 Local form of 

Here and in the following unless mentioned otherwise, the numbers T, Nq and qi are as in 
Proposition l3.3[ assuming q ^ q'^N and N ^ Nq. We abreviate G = G^^fi = 

(see Section [3TT) and Bq = Bq{l,P). 
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Proposition 3.8. In Bq cz A, the iterated map coincides with 

Fq,N,t, ■■= O 

r^v/N^ (0'^) 

where Aq^-^ir) := (g — Ty/jv 2 (/i)j dh on Bq. 

Proof. We abreviate ip = = V/N'^. For {0,r) e satisfying PvAO,r)>0, 

let 'l'(0,r) = (r,/i) denote the time-energy coordinates with 


T = 


I 


du 


0 ^2{Pv,{e,r)-VN{u)) 


h = PvNi0,r). 


Note that 'I' o c^o 'I' ^(r, h) = (r -|-1, h) and 'I'(m -I- 0, r) = 'I'(0, r) -I- [mTvj^{h),0) , for all 
m e Z and h = Pvn {6 ,r). Since Vn is constant on we have 


r = 



du 

^2{PvJ9,r)-VNie)) 


e_ 

r ’ 


for |6l| ^ Lq. 


Since we have ip'^{Bq) cz ,^ 5/2 '^Lq and ip'^ preserves Pv^i which is an increasing function 
depending only on r in there exist a continuous function 9q : Bq —>■ {—Lq, Lq) and a 
constant integer mo e Z such that ip^{9,r) = (mo + 9q(9,r},r) on Bq cz Furthermore, 
we have mo = 1 as it may be checked at Oq^N, since we have ip^(aq^N) = (l,?’q, 7 v) and 
0q(O'q,N) = 0. Therefore, we have proved that (p‘^ coincides on Bq with 

(p'^{9,r) = (1 -f 9q{9,r),r), so T o ip'‘{9,r) = {9q{9,r)/r + Tv^{h),h), with h = Pvf,{9,r). 

Since we also have T o ip*^(9, r) = T(0, r) -I- (q, 0) = (9/r + q,h), this implies that 


9q(9,r) = 9 + r(q- Tvj^(h)) = 9 - drAq^N{r). 

Thus, on the one hand, (p'^ coincides on Bq with the time-1 flow of the system 

( 9' = -drAq^Nir); 

I r' = 0 = deAq^Nir). 

On the other hand, we have p^(Bq) n = 0, so for 1 ^ A: ^ g — 1, and 

Qq = o on Bq. 

From these two conclusions, the proposition follows. □ 


3.4.3 The Taylor expansion of at Uq 

This section carries out the first step in the proof of the existence of invariant curves in 
Bq for the map = Fq,N,fM- The goal is to prove that we can find complex coordinates 
in which Oq^N is mapped to zero and Fq^jq^fj_ takes the form 

n 

Fq,N,^i{z) = X(^z+ J^Fkiz) + e{z)^ . (3.16) 

k=2 
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This is achieved in Proposition 13.13] and Corollary 13.141 below. Here n is an arbitrary large 
integer (but not depending on q, N and /r), is a homogeneous polynomial of degree k 
for 2 ^ k ^ n and the error term e is small enough up to n derivatives. Note that the 
change of coordinates need not be symplectic in our setting. 


Asymptotic behaviours of Aq N on Bq.- To achieve (I3.16p in a quantitative way, we 
must control the derivatives of the map near ag^N- For that purpose, it is convenient 
to introduce the following notation. 

Notation. Here E denotes any set of parameters; for fi ■. E ^ R+ and f 2 : H —> M+, 
we write fi = ^e(/ 2 ), or fi{p) = ffE{f 2 {p)), or fi{p) = ff{f 2 ip)) uniformly for p e E, if 
there exists a constant C > 0 (which does not depend on p) such that 


\fpeE, flip) ^Cf2{p). 


We write fi ~ / 2 , or flip) ~ f 2 ip), or flip) ~ f 2 ip) uniformly for p e E, if we have 
fi = ^Eif 2 ) and f 2 = ^Eifi)- 


We recall that for q ^ qoH, Bg is contained in the annulus {rg+i^Tv ^ ^ A. 

Proposition 3.9. We have 


Vn^O, i-l)^T^%,iPy/N.iO,r)) ^ q^^+^N 


,4n+l / ArSn. 


Vn ^ 1, 
Vn ^ 2, 


El 

^l^Ur)\ = ^Eiiq^^-VN^^-^)- 

qin—S I j\j3n—2 


i-1)^ A^'^^lir) 


(3.17) 

(3.18) 

(3.19) 


where En = {iq,N,r) \ q ^ qnN, N ^ Nq, Tg+pv ^ r ^ ^q-i,Ar} and qn > q'o, for n ^ 1, 
is a positive constant which depends only on V. Furthermore, for n ^ 2, we have 

^^q}ii'^<iH) ~ (-l)”/3Ti-i/Oog"^"'“^/iV^"'“^, as q/N tends to infinity, 
where (dn-i is a positive constant as defined in Lemma [XT]fil]) . 

Proof • We set qi ^ max(2; q'^) and we prove (|3.17l) . 

- First we assume that A = 1. A direct computation shows that i—l)"'T^\h) > 0 for 
h > 0. Furthermore, Lemma l3. 711 wp implies that 

T^\e) ~ (—l)"'/3„ry(e)^"'“''^, as e tends to zero. 


This shows that there exist two positive constants and dn, for each n ^ 1, such that 

Ve e (0;eo), Cn Ty(e)^"+^ ^ i-l)^T^\e) ^ dn ry(e)^”+\ with eo = Pviag,-i,i). 

Moreover, if rg_i^i ^ r ^ ^g+i,i then we have eg+i,i ^ Py(0, r) ^ Cg-ip ^ cq. Since we 
have ry(eg_i^i) = q—l~q~q+l = Tyicg+i^i) = q + I uniformly for (g, l,r) e Ei, it 
follows that 

Vn ^ 0, Ty\PyiQ,r)) — uniformly for (g, l,r) e Ei. 
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- For N ^ Nq and q ^ qiN, we use Lemma [3^ we observe that if we assume that 
Tq-i,N ^ '<’q+i,N then we have 


rq/N+1,1 ^ ^’(g+i)/Af = Nrq+i^N ^Nr ^ Nrq_i^N = r^q_i)ijq^i ^ Va^-LI- 

Therefore, if e = Pyijq 2 {^,r) = Py{0, Nr)/N‘^ then we have eq/jv+i,i ^ ^ Cg/jv-i,!) 

hence Lemma l3.7l[nil) and the discussion above when = 1 show that 

r^”5v2(e) = = N^^+^T^\N^eq/N^i) = 

uniformly for {q,N,r) e Ei. This proves (|3.17p . 

• We prove (j3.18l) . First we assume that N = 1. 

We set ro(r) = q — Ty(Py(0,r)) and Tk{t) = —Ty\Pv{0,r)), for fc ^ 1; we observe that 
|To| ^ 1 and the point above shows that (—l)^'^^Tfc(r) — gi4«-+i uniformly for {q, l,r) e Ei. 
An immediate induction over p ^ 1 shows that 


= 2 Ck,2r>-ir^^^%+k-i{r) ; ^ Cu, 


p-i 


(2p), 


2p 




p+k 


-l(0, 


fe =0 


fc =0 


with 


Ck,2p+1 Ck,2p + (2/c + 2) Ck+i, 2 p if p ^ 1 and 0 ^ A; ^ p — 1, 

Ck, 2 p +2 = Ck, 2 p +1 + (2/c + 1) Ck, 2 p +1 if P ^ 1 and 1 ^ A; ^ p, 
Cp—i,2p—i ~ C*p,2p “1 if p ^ 


(3.20) 


Furthermore, we have 


r^\-ir+%+k-i{r) ^ r^^+\-ir+%+k-iir) ^ (3.21) 


uniformly for {q, 1,r) e Ei, since we have po ^ r ^ 2po. Since we have q ^ qi ^ 2 on Ei, 
it follows that g4p+4fc-3 ^ i^g^(g4p+4^0“3^ for 0 ^ A: ^ feo and p ^ 1, hence 




= and 


Af'r'Hr) 


= '^) for p ^ 1, 


which proves (I3.18P on Fii n {A^ = 1}. Since we have {q,N,r) e Ei if and only if 
{q/N,l,r/N) 6 Ei, this extends immediatly to (I3.18h for any N ^ Nq according to 
Lemma 13.101 bellow. 

• We prove (I3.19p . First we assume that N = 1. 

It follows from (I3.2ip and p3.20p above that there exist positive constants Ck,£ and dk,i 
(depending only on 17) such that 


2 ^ A^X^\r) ^ 2 4,2p-i(-l)^+"/(^+")-'; (3.22a) 

k^O k^O 

2 ^ Ajy (r) ^ (3.22b) 

k^O k^O 
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This implies that 


^ ^^^(r) ^ 2cp_i,2p-ig®^ for g ^ g2p-i; 


-Cp, 2 pq^^ ^ ^ (^) ^ 2 dp, 2 pg®^ ^ for q > q 2 p] 

where q 2 p ^ <? 2 p-i ^ are large enough (depending only on V). Therefore we have 
proved that —^^qj and — q^P-^ uniformly for {q, l,r) in E 2 p-i or 

E 2 p respectively, which is (I3.19P on {N = 1}. This extends immediatly to (13.181) for any 
N ^ Nq according to Lemma l3.ini bellow. 

• Since we have C'p_i^ 2 p-i = C'p, 2 p = 1 in ()3.2ip . we obtain with (13.201) that j^^^{rq^i) ~ 
r‘^^{r 2 p-i{rq^i) and Af ~^{rq^i) ~ rf ~^T 2 p- 2 {rq,i) as q tends to infinity. But Lemma [3.7lit>p 
shows that 

T.-i(r,,i) = -rfo-i)(Py(0,r,,i)) ~ 

Since ProDosition l3.3l shows that rq^i po as q tends to infinity, we obtain that A^^l{rqp) ~ 
{—1)^Pq/ 3n-iq‘^^~^ when N = 1. The announced equivalent for general N ^ I follows using 
Lemma l3.ini bellow and this completes the proof of the proposition. □ 

Lemma 3.10. ITe have Aq ,N{r) = jfAq/N,i{Nr). 

Proof. Using Lemma 13.71 we compute 


Je 


Py/N^ (Oi^) I'Py/N'^ (0’’') „ 

{q - Tv/N^{h)) dh= \ {q- NTviN^h)) dh 

Je, 


^q,N '^^q,N) 

2 


1 riV P,/,2(0,r-) ^ 1 r^y,o,.r, ^ 

nL,.. " 


I rPv(0,Nr) ^ 


dh 




This proves the formula of the lemma. 


□ 


Linear! part of Fq^N,/i-“ We recall that Bq denotes a g-adapted box with respect to 
Py/N^ and .^ 5 /Ar, as it appears in Propostion 13.31 

Proposition 3.11. Set Cq^Nifi) = {0,rg,N + R)- There exist a constant aq^N and a 
function Sq^]s[{R) satisfying for all p > 0 and {9, R) e crfj^{Bq) 

^q,N ° ° ^q,N {r) = l-p\,iv ) (p) + ^q,N{R) ( -p ) ) 

5p,7v(0) = 5;^(0) = 0. 
and the following estimates hold true. 


Oiq^N 


\Sq,NiR)\ ~ R 


2 


Vn^2, = q^^+^/N^^+^-, 


S’q,Nm-\R\^ 


|7?| = ^E.iqVN^) ; 
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with En = {((?, N^R) \ QiN, N ^ Nq, (0, Vq^N + R) ^ Bg} and Qn a positive constants 
which depend only on V, for n ^ 1. 

Furthermore, we have 


aq,N 


R 2 T 

R^Po ^4’ 



-^^pIw 


and S^^lf{0) 




13 


ATlO 


as q/N tends to infinity. 

Proof. • Proposition 13.81 shows that ^^‘^’^{Bq) = ip'^^Bq) cz ^s/( 2 N)i so fiWN{0) = 
on (Bq) . This implies that Fq^N^f^ coincides on Bq with 


’,nA^b) = {g + A'g^^{r),r - fj.{9 + A'g jq{r))y 


Setting 

aq^N ■= ^q,Nil"q,N) and Sq^NiR) ■= A'g N{rq^N + R) - ^q,N{fq,N) “ Otq^NR-, (3.23) 
the anounced formula for Fq^]\f^^ follows from a direct computation. 

• We prove the estimates of the proposition. Since we have (Tg^Ar(0, R) e Bq, it follows that 
i’q+i,7V ^ fq^N + R ^ rq_i^Ar. Now we apply Proposition 13.91 

- with n = 2, Estimate (I3.19P shows that Oq^N = ^qAr(^g,A'') ~ q^/N'^. 

- For £ ^ 0, we have 

Ftf 

Sq,N{R) = -l^^q,N{'^q,N + hoR)] S'q,N{R) = R ^q,N{'^q,N + fllR)^ 

^q%i^) = + PiR), for £>2] 

for some 0 < r]£ < 1 (depending on i2), hence Estimates (I3.18p shows that 
5 9 Aifi-l 

SqMR) KNi^)\^\R\jfif: {-lY+^sl%{R)^j^, foic£>2. 


Since we have |i?| ^ £' and £' — N^/q^ according to Proposition 13.31 the proof of the 
announced estimates is complete. 


• At last, we observe that 


a. 


q,N 


— ^q,Ni''^q,N 


), 


Q// 

'^q,N 


(0) = Al^irq) 


and 




q,NPq,N 


)■ 


Therefore these quantities as q/N tends to infinity may be estimated immediately from 
the last estimate of Proposition 13.91 which completes the proof of the proposition. □ 

Lemma 3.12. We have oiq^N = R£c)iqiN,i o-nd Sq^^iR) = R^Sq/jq^fiNR). 
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Proof. We have aq^N = Ar(rg,Ar). Therefore Lemma fS. 101 and Lemma fS. 71 iiip imply that 

Olq,N = ^ ^"q/N ,1^''' q/N ,l) = ^Ctq/N,l- 

In a similar way, Lemma 13.101 implies that 

Sq,N{R) = A'q Nirq^N + R) - ^g,Ar(?’q,Ar) “ Oiq^NR 

= N A"^ij^^^{Nrq^j.j + NR) — N A"^ij^^^{Nrq^M) — Nuq/j^^iR 

= ^^'q/N,li'^q/N,l + NR) - ^^^q/Arp(?’g/Ar,l) “ 

= NSq/r,,i{NR). 

This proves the second identity of the lemma and the proof is complete. □ 


Diagonalization of the lineart part and Taylor expansion 
Notation. For n e N* and (3 > 0, we set 

Ep := {{q,N,fi) \ 0 < fJ.aq^N < 1 and q ^ (3N, N ^ A^o}) 
E0,n ■= e Ep I /iOg^AT < ^ 


(3.24a) 

(3.24b) 


(with the notation of Proposition \3A1\ for Oq^jy). Unless mentioned otherwise, we shall 
abreviate fi — /2 if there exists a positive constant (3 (not depending on q, N, fi) satisfying 
/l^- /2. 

Notation. Let A 6 C satisfy the following two conditions 


TT 


A + A = 2 — p.aq^iy, A = exp(i7o) with — — < 7o < 0 


(3.25) 


so we have [A^ — 1| ~ |A — 1| uniformly on Eg^n for 1 ^ p ^ 2n + 2 (see Lemma [3.151 
below). 

It follows immediately from (| 3 . 25 l) that 

1 — A = 2 sin^(70/2) — f sin7o and |A — 1 |^ = fiaq^jy = (1 — cos 70)^ + sin^ 70 = 2(1 — cos70), 
hence sin^ 70 = piaq^N{l — p,aq^]y/ 4 ) and () 3 . 24 al) implies that 
a/3 

— |A - 1 | ^ - sin70 ^ |A - 1 | , so - sin70 ~ |A - 1 | = 

Notation. For all z e C we set = aq^N ° f’iz) with aq^N{d,R) = {9,rg^N + R) ond 


fj{z) = B[ _ ) e 


B = { A-i ) and a = a 


q,N- 


49 


















Proposition 3.13. Assume n ^ 2 and set io = q^/N^. Then there exists a positive 
constant /3 > 0 such that for each {q, N, p) e Ep there exist p > 0 and k > 0, Oj/ 6 M, for 
2 ^ u ^ n, a function g : [—2/9 ; 2p\ M satisfying the following properties. 

i) B(0;/9) c and p - 

a) o Fq^N,tiO^{z) = x(^z + i\X - l\g{z + z)^ on'S}{0-,p); 
in) ^'*(dr a d9) = ^dz a dz and — ‘ \ x-^ \ > 

■ ) / \ V \ h I /or 2 ^z/^n, 

zvj g(x) = ^ a^x'^ + £(x), where ^ ^ ,n+i-k. r n ^ i. ^ 

u =2 I \£^>{x)\ = uEijjJ \x\ ), for[)^k^n, 


with E = {(x, q, N, p) \ \x\ ^ 2p, {q, N, p) e Epj and Ep as in (|3.24al) . 

Proof, we abreviate E = Fq^N,^i, Sq^N = S and a = Og^Ar. 

(I) We recall that |A — 1| = y/ap, so 2Re ^ 2y/ajp \z\. This shows that 

V(A/) e |z| < min Q ^ f;{z) e {-1,1) x (-T,/). 

Proposition 13.31 and Proposition 13.111 show that ^ ~ ^ ~ ^ ^ and a — so 


^ IX 11^' IX II 1 

2 V a OL q^ qui 

'P-i|. 1 \ _ |A~i| 


Therefore, with p — min (1^—h- — ] = tTJJ. obtain 0. 

’ ^ \ qcd ^ qtj J qcj ^ 


Since j and j are two eigenvectors of the operator B corresponding to the 
eigenvalues A and A, we obtain by a direct computation that 

o F o = Xz + S{z + z) 'ip~^[_jj_) . 

We notice that 'i){iX) = i{X — A) ^ l^-iP ^ = —2 sin 70 ^ ^ ^ = |- sin 70 ( _^), hence 

iXp 




2 sin 7 o 


This implies [H), with 


9iz) = 




2 IA — 1| sin7o 


5(z). 


(3.26) 


m|) We have T*((ir a dO) = i^det{f){\)-,'if{i)) dz a dz and 

det(V^(l);V’(^)) ~ Y~ 0 


a sm 7 o 


|A-1 


2 • 
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Since — sin 70 — |A — 1| = ^Jajl and a ~ qco/N, this proves Fm)) . 

Using (13.261) and the Taylor expansion S{x) = Xi + R{x), we set 


u=2 


(Xjj — 






2 z^! |A — 1| sinyo 


and e(x) = 


fiR{x) 


2 IA — 11 sin 7 o 


, so g{x) Ui^x'^ + £{x). (3.27) 


u=2 


Since (—1)^ ^, — sin 7 o — |A — 1|, a — q^/N^, we have 


(-l)V 


q 


Aiy+l 




q 


Au+l 


r,Au+l 




q 


4u-4 


En A^3y+i _ i|2 a AtSi'+i ^5 jySu-s 


= UJ 


v-l 


Thus all that remains is to prove the estimates on e(x). Notice that 'ip{p) £ so 

2p ^ i'. Furthermore, for 0 ^ j ^ n, the derivative R^^\x) is the remainder of the Taylor 
expansion at zero of S^^\x) up to order n — j. Therefore the Taylor expansion theorem 
and Proposition 13.111 show that for x e [—2/?; 2/?] we have 


Rin+l-j)^x) 


in+l-j 




max 


5("+i)(y) ^\y\ 


n+1—? Q 


4(n+l) + l 


{n + l-j)l |x|s; 2 p 
Moreover the estimates |sin 7 o| — |A — 1| and a — q^/N^ imply that 

1 


_/Y3(n+l) + l ■ 






|A-1| |sin 7 o| |A-lp 
and the proof ofETj) is complete. 


a 


q'^ 


-,hence 


e(i)(x) = |x 


An /atSu \^\n+l-j 


), 


□ 


Corollary 3.14 (Taylor expansion). Assume n ^ 0; we set io = q^/N^. Then for each 
{q, N, p) e there exist A e C (with A = exp(i 7 o) and —-k/^ < 70 < Oj, p > 0 , a^/ e M, 
for 2 ^ 2 z^ ^ 2 n + 2 and a function s : 2 /? ; 2 p] ^ C satisfying 


2n+2 


(T ^ O Fq^N,^l O ^)(5;) = a (^2 + i |A - 1| ^ ai{z + zY') + £{z + z) 

i=2 


(3.28) 


with 


eW^) = ^^(a;2’^+2 |A - 1| |a;|^"+^"''), for Q ^ k ^ 2n + 2, 


and E = {(x, q, N, p) \ |x| ^ 2p, (g, N, p) e E^sj. 


Furthermore we have the following properties. 

i) |A^ — 1| ~ |A — 1| for 1 ^ p ^ 2 n + 2 and pa; ~ |A — 1| /q; 
a) (—l)^a£ — uj^~^, for 2 ^ i ^ 2n + 2; 

Hi) 202 + ^03 |A — 1 | R[X) — uniformly on Ep^^, with R{X) 


1 + A 2 + A + 2A2 
1-A 1 + A + A2 ■ 
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Proof. We prove [m|), wich is the only condition which does not follow directly from Propo- 
sitionLet be in so 0 < < l/(n + 1)^. Let 0 < ao < ^ satisfy 

1 


sin(ao) = 


2n 


Since afr = |A — Ip and — sin( 7 o/ 2 ) = A |A — 1| < 2 n+ 2 ’ obtain that —^qI‘1 < ao, so 
cos(ao) |A — 1| < cos( 7 o/ 2 ) |A — 1| = — sin( 7 o) < |A — 1| 

As qjN tends to infinity, Proposition 13.111 and (I3.27P show that 

5"(0)2 (/32//3i)' 


dr) - 


-03 = 


16sin^ 7 o |A — Ip 16 cos2(^) |A — 1| 
fiS'%0) /x5'"(0) 


IGa^ cos 2 (^) 
5'"(0) 


16cos2(^) 


2 2 
Po^ > 


-12sin7o |A - 1| 12cos(^)|A-l 

Now we compute 


Ps/Pl 2 2 
Po^ > 


R{X) = - 


sin(f) 1 


2 cos 7 o' 


^ 12acos(^) 12cos(^) 

hence | A — 1| R{X) = 2 cos(—) 


cos(^) 1+ 4 cos7o Wo^8cos2(:f) - 3 


2 Wcos^P^) — 1 


Since we have cos^(^) ^ 1 — { 211 + 2 ) ^ ^ for n ^ 1, it follows that for q/N large enough 
we have 


72 , 

— = 4 • — ^ 

11 11 


18 ^ 2 |A — 1| i?(A) ^ 8cos^(^) — 3 ^ 20 


cos(^) 


4cos2(^) — 1 


< 


i-Pi- 

Vii 


m 




, hence 


iai 9 
— - OJ^. 
12 


This holds true and implies the lemma because we can evaluate 18/31 — ll/3i/33 >0. □ 


Lemma 3.15. // |A — 1| < then |A — 1| ^ [A^ — 1| for 1 ^ p ^ 2n + 2. 
it |sin 7 o| s 

|AP-1| 


Proof. Notice that |sin 7 o| ^ |A — 1| < so 70 > 2 ^+ 2 - Therefore we have 


|A-1| 


p-i p-i p-i 

^ Re ^ A^ j = ^ cos(j7o) ^ Yi 

j=0 j=0 j=0 


2n + 2 


^ 1 . 


□ 


3.5 Normalisations 

The goal of this section is to prove that we can find nearly symplectic coordinates in which 
Pq,N,p takes the form 

Fq,N,p{z) = Azexp(27r/Izp + e{z)), (3.29) 

where the error term e is a real valued function and is small enough up to enough deriva¬ 
tives. For this purpose, our first step is to specify a suitable change of coordinates in which 
F'q, .N,p appears as a Birkhoff’s normal form up to some order, namely 

n 

Fq,N,p{z) = Xz{l+ ^ bp\zf^) +e{z). (3.30) 

p=i 

Note that the change of coordinates does not need to be symplectic in our setting. 
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3.5.1 Notations and statements 


To achieve (j3.30p and (j3.29p in a quantitative way, we must deal with smooth functions 
on B*(0, r) = {z e C I 0 < |z| ^ r} (but not necessarily smooth at zero) and control their 
behaviour near zero. To this end we introduce the following notations. 

Notation. In the following, we use the operators d = ^{ds + idt) and d = ^{dg — idt), with 
z = s + it and (s, t) e M?. Assume r > 0 and A: e N. ^ smooth function f : B*(0, r) —> C 
is said to be controlled up to the k derivatives, by C ^ 0 at order .A e M, and we write 
fsffk{^-C,r) orf{z) = ffk{i-,C,p) if 


Vz6B*(0,r), 


d^¥f{2 


^C\z 


i—a—(3 


for all {a, / 3 ) e such that a + fl ^ k. 


Notation. For {k,m) e N^, p > 0, two sets E and E' satisfying E E' x C, two 
function fi : E ^ C and /2 M+, and a function p : S' —> R+, we write 

= f 2 , p) if there exists two constants C ^ 0 and c > 0 satisfying 

Vx 6 s', s' X B(0; cp{x)) a S, 
and fi{x,z) = ^k{m; Cf 2 {x), cp{x)). 


All the properties of the spaces we need are listed in Appendix O 
At last, we need to introduce analogous dehnitions in polar coordinates. 

Notation. Assume p > 0, £ e M and k e Z. We recall that T = M/Z. 

• A smooth function f : (0; p] x T ^ C is said to be controlled up to k derivatives, by 
C ^ 0 at order ^ 6 M, and we write f e C, r) or f{r, 6) = C, p) if 


dylf{r,e) 


^ Cr^ “, for 0<r^p, 0eT and a + fl ^k. 


• For two sets E and S' satisfying E E' x R+ x T, two functions fi : S ^ C and 
/2 : S' ^ M+, and a function p : S' ^ R+, we write fi{-,r,9) = ^J^/(^;/2,p) if 
there exists two constants C ^ 0 and c > 0 satisfying 

Vx 6 s', s' X (0;cp(x)] X Tc S and fi{x,r,9) = {£] C f 2 {x), cp{x)). 

Basically, we can can rephrase Proposition 13.13l[wP as follows 

n 

g{z + z) = ^ au{z + zY + + 1; w", p), (3.31) 

v=2 

where Sp^„ is defined by (I3.24bl) . The constants n and j3 do not depend on {q,N,p). 
Here we introduce Ep^n rather than Eg (see (j3.24bp ) for suitable estimates on the non 
resonant part of the conjugation of the transformation Sg^Tv,/^ to its Birkhoff’s normal 
form (see Proposition 13.16l below). The constant /3 > 0 is chosen so q/N is large enough 
for appropriate estimates of 02 and 03 (see Corollary l3.14lmP above). 
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Notation. From now on, unless mentioned otherwise, we shall abreviate ffk,n '■= ^k,Ep„- 
In the following, h = h{-, q, N, fi) denotes any family of symplectic maps from B(0; p) into 
C. We assume that for 2n + 2 ^ k ^ 1 we have 

2n+2 

h(z) = x(^z + i\X — 1\ ^ 0 ^( 2 ; + + 3,1A — 1| /o), (3.32) 

1=2 


where u = q^/N^, p > 0, X 


exp(i 7 o), e C satisfy all the conditions in Corollary\3.1f 


BirkhofF normal form 

The next proposition is a the quantitative version of (13.301) . It recalls a classical result of 
normal form theory. We construct polynomial coordinates in which the symplectic map h 
is put in its Birkhoff normal form up to a reminder of arbitrarily high order. The proof 
follows Moser’s strategy and is inductive in its nature: a sum of homogeneous polynomials 
is used to normalize the Taylor expansion of h order by order. But for our purpose, we 
need to achieve this keeping a quantitative track of the operations involved. Therefore we 
provide below a complete proof of the statement. 

Before proceeding to the precise statement, we need to introduce a few more notations. 
We shall consider a coordinates change of the form 

u = $( 2 ;) = z + '^ipyz'^, where 2 ;*''^^’^^^ = (3.33) 

Here the index v = {yi,i' 2 ) ^ in the sum above runs over all the couples such that 
2 ^ \u\ ^ 2n + 2, with \v\ = vi + 1 ^ 2 . For such polynomial, we denote by [‘hjjy the v- 
component (fyz'^ = ■ By extension, for any smooth function F, we denote 

by the i^-component of its Taylor expansion at zero. For any integer p, it is also 
convenient to denote by [F]p its p-homogeneous part. Thus, for p ^ 2, we have 

[d>]p( 2 ;) = ^ and [f]p{z) = i |A - 1| ap{z + zY. 

W\=p 

Proposition 3.16 (Birkhoff normal form). Assume 2n + 2 ^ k ^ 2. Then for each 
{q, N, p) 6 there exist p' > 0, bj e C for 1 ^ ^ n, and (pu s C for 2 ^ |i/| ^ 2n + 2 

satisfying the following eonditions. 

i) The polynomial in (13.331) defines a diffeomorphism from a neighbourhood of zero 
onto a set that contains B(0, p') and 

n 

^ o ho <1>~^(m) = Am^I + i ^ ^ + ^fc^„(2n + 3; | A — 1| 0 ;^”'“'"^, p); 

p=i 

a) J($) = \d^\ — |d<I>| contains no {j,j)-component for 1 ^ ^ n; 

Hi) = 0 if n = {j + l,j) with 1 ^ j ^ n; 

iv) p'~p; 
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v) 5i — IA — 1| and \bj\ = ^(| A — 1| for 2 ^ j ^ n; 

vi) |<&~^(z)| ~ \z\ onD(0;/?'); 

vii) \(p„\ = for 2 ^ |i/| ^ 2n + 2; 

Herman normal form 

This is the quantitative version of (|3.29l) . We first state this result in complex coordinates. 

Proposition 3.17. Assume 2 ^ k ^ 2n. Then there exist a diffeomorphism "0 from 
ID(0; pi) into a set containing ©(O; P 2 ) and a function e : D(0; P 2 ) M with the following 
properties. 

i) Ip o ho 'p~^{z) = Azexp {2'iTi \z\^ + s{z)); 

a) e is a real valued function and e{z) = ffk,ni‘^n; |A — 1|~” ,P 2 ); 

Hi) Pi ~ p, P 2 ~ and \'tp{z)\ — \z\ oj^\\ — 1|. 

We also give an equivalent result in polar coordinates, in order to apply the invariant curve 
theorem. 

Proposition 3.18 (Herman normal form). There exist /?' > 0, a diffeomorphism T from 
(0; p') X T into B(0; p) and a function e : (0; /?') x T —> M with the following properties. 



ii) e is a real valued function and s{r,9) = ^Jffn + 1; |A — 1| "■,/?'); 



3.5.2 Proof of Proposition [3.161 

Proof. We construct a polynomial $ of degree 2n + 2 such that <1> o /i is of the form 


n 


^0h = X^{l + iY,be\^f^) + ^(| 


2n+3 


)• 


(3.34) 


Taking the ^-homogeneous part of this, for 2 ^ f ^ 2n -I- 2, this is equivalent to 



e-i 





o h 


(3.35) 


i 


Computation of [^] 2 - Since h{z) 


Az -I- zA IA — 1| 02(2 -I- zff + 0’{\z\^), we have 


[h ]2 = i\a 2 |A — l\{z + z)'^ 
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so () 3 . 35 p implies that 


A[<1>]2(2;) - [$]2(A2:) = iXa2 |A - l\{z + 

From this, we obtain that 

(A — X^)(p2,o = iA |A — 1 | 02 ; (A — 1)9914 = 2iA |A — 1 | 02 ; (A — A^)99o,2 = iA |A — 1| 02, 


r 9^2,0 — |1 — A|/(I — A), 

hence < 9914 = 2ia2A |1 — A|/(A — 1 ), 
[ 990,2 = ia2X^ |1 - A| /(A^ - 1 ). 

This shows in particular that if |z^| =2 then | 99 ;y| — |a2| —to. 

Computation of bi. Equation (I3.35p implies that 


A[<i>]3(z) - [‘i>]3(Az) 


[hh 


[<h]2 o h 


— iXbi 


J3 




2 j 


J3 


Therefore, we obtain that 


A[^>]3(2;) - [$]3(A2;) = iA 11 - A| 03(2; + zf + 


[$]2(A2; + zA |1 - A| a2{z + z)'^) 


— iXbiz \z\ 


J3 


Taking the ( 2 , 1 ) part of this, we obtain that 

iXbi = 3 iX 11 — A| 03 + [^>]2(Az + iA 11 — A| a 2 {z + z)'^) 

with 


2,1 


[<h]2(A2; + zA |1 - A| a2{z + z) ) <p2flX ‘ 2 i\l - X\ (202) + 9914 |1 - A| {-ia2) 

+9^0,2A^ |1 — A| (—2^02), 


= - 2 alX\l - X\ 


2 1 + A 2 + A + 2 A 2 
1 - A 1 + A + A 2 ■ 


This with Corollary I3.14|[m)l implies that 

Yj- = 303 + 2 o 2 |A — 1 | -R(A) — 

Computation of With v = {p,q) 6 satisfying p + q = 3 and u ¥= (2,1), 

Equation (j3.35l) implies that 


A[4>], - AP-^^h]. 


[hi 


[<h]2 o h 


= iA|A - 1 | 03(3)2;'" + 


[<h ]2 o h 


iX\X - 1 | 03(3)2;'"+ ip 2 ,oX'^{ 2 zi\X - 1 | 02(2; + z)^)^ 

+ 29914 Re [zi \X — 1 | 02(2 + 

+ (po,2X‘^{-2zi\X- 1 | 02(2; + z)^)^. 


Since |A^ — A| = |A^ ^ “ ^1 ^ 1-^ “ 1| |p — g — 1| ^4, Lemma 13.151 implies that 

\Pu\ = 
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We now compute ‘^ 2 , 1 - We write 


d^{z) = 1 + 2ip2flZ + ^Pl^lZ + 2(/52,1 \z\'^ + Sifs^oz'^ + (pi^2z‘^ + ^{\z\^), 
d^{z) = 2ipQ^2Z + ipi,lZ + 2ip2,l \z\‘^ + 3(po,3z'^ + ^2,iz‘^ + ff{\z\^). 

Therefore Constraint of the proposition implies that 

0 = (J($))i,i(2;) = (41992,op + lv^i,iP + 4Re(992,i) - 4|99o,2p - \^i,i 


This with Constraint [m| shows that 992,1 = |99o,2p ~ 19^2,oP- In particular, it implies that 
W2,l\ = 

Estimates of $ and b^. We compute [<h]p by induction over p. Let assume that 4 ^ 

p ^ 2n + 2 and that we have computed We also assume that |99^| = 

if |/r| ^ p — 1 and |6fc| = ^(| A — 1| if 2k ^ p — 2. Equation (I3.35P implies that 


p-i n . p-e+i s 

- [^JpPAz) = [/j]p + ^ [^>]£( Az + iA |A - 1| ^ amiz + z)""] 
e=2 L A m=2 


jp 


(p-l)/2 

iX ^ bi 

e=i 


$1$ 


2t 


(3.36) 


jp 


We estimate each term of the right hand side of this. Let z/ e satisfy \v\ = p. 
-We have [h]i, = zA |A — 1| a^iy\z'^ and |a|j^| | |A — 1| = ^ (|A — 1| . 

- For 1 ^ < (p — l)/2, we have 







(3.37) 


where the summation index u above runs over all the tuples iz = {vq, ei, ..., E 21 ) e (N^)^^"*"^ 
satisfying the condition 

i 

z/ = z/Q + ^ {vj + Fj+£), with (r, s) = (s, r) for all (r, s) e N^. 

Thus each term in the sum in (I3.37P belongs to with 


£ 

nN = |j^o| “ 1 + 2 (2 — 2) = |z/| — (1 + 2£). 

j=i 

Since 16^1 = Op;^^(|A — 1| uz^^), it follows that &£[$ |<hp^]^ is of the form c(zz, ^,i)z‘', with 
|c(z9,$,7)| =0^;,"j|A-1|u;H-i). 
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“ For ^ 6 satisfying 2^|/i|^p—1, we estimate the term 


[^>]^(A(2; + z |A - 1| ^ am{z + z)”")) = (A(2; + z |A - 1| ^ 


V'l 


('::a 




where m in the sum in the left hand side runs over the intergers satisfying 2 ^ m ^ Nq = 
p — \p\ + 1 and ly' e in the sum of the right hand side runs over the couple satisfying 
2 ^ \v'\ ^ A^o- A direct computation shows that the right hand side of this equality is of 
the form 



where N denote the set of the couples v' e satisfying |zz'| ^ 2 and the index in the sum 
above runs over all the tuples {p,Q,p), with /zq ^ and p = {py') e (N^)^ satisfying 


Aio + fJ^y' ■ = i' and po + py> = p, 

i/'sN i/'sN 


with (r, s) • (r'j s') = (rr' + ss', rs' + r's) for all (r, s, r', s') e Note that we have pyi ¥= 0 
for at leat one index v' since otherwise we should have u = po = p, which is impossible 
since \p\ < p = |zz|. On the other hand, we have py' ^ 0 for at most \p\ ^ p — 1 ^ 2n + 1 
indices zz'. This implies that 


niA-ir'-(?E,,.(iA-ii), 




j^'gN 


Furthermore, we have 

\a\y'\ 

= 

*), so 

n i«i 

u'\\ 

= ^Ep, 

.(nf*"'"''"')'""' 

u'eN 



Aio'sN 

Since we have \ip^\ = 


(^I/a|-1) 

, it follows that 


veA" i; n (iiA-ii«M('::')) 

(zio,0 ia'gN a / 








Therefore, we obtain that |A — A"! \(py\ = — 1| ^)- With Lemma [3.151 this 

shows that \py\ = ^(a;l''l“^) (if e ¥= {^o + l,^o) when p = 2£o + !)• 

- If p = 2£q + 1 and vq = {Iq + 1, ^Q) then (I3.36P shows that 


i\h, 


% 


z z 


124 


- [h]yg + ^ 


£=2 


[^>]£ o h 


4-1 

zA Yi 


-I !A0 


e=i 


$1$ 


2e 


-I 1^0 


hence \bi^\ = ^£:^_„(|A - 1| ^) = 


58 
















Furthermore, a direct computation shows that 

= 2(4 + l)Re((^i,o) + 2 ~ ss'){W^ipr',s') ■ 

r'+s=io+l 

r+s'=£o+l 

(r,s)7^(l,0), (r',s')5^(l,0) 

Since in the sum above we have \Tp^(fr',s'\ = ^Ep = ^Ep Con¬ 
straints (3) and [m|) show that | \ = „ {uP^°). 

Thus we have proved the announced estimates at the rank p, and so at any order, and 
the proof of the points [3, and lOTzl) of the proposition is complete. 

Estimate of We shall apply the (inverse) axiom of Lemma lA.ll (see Appendix [A)l 
to the polynomial <h with e = |A — 1| (•\/3/2 — l)/( 7 , C = 0 and t ^ p satisfying 

14$ - 14 -t ||d$||^ ^ e. (3.38) 

Note that e ^ •\/3/2 — 1, so 2e + ^ 1/2. Furthermore, we may choose t ~ p. Indeed, 

we have 

2n+l 

14$ - 1]4-t 14$!^ = 2 41 2 ffEp^^HujrY) = ^Ep^^{u:t) \iujT 

2s;|i/|!£2n+2 i=l 


We recall that p — so cup — lATi, This implies that there exists r > 0 verifying (I3.38D 
with T ^ p and r — p.We set p' = (1 — e)r, so p' — p. The (inverse) axiom of Lemma lA.il 
shows that $“^ exists from ©(O; p') into D(0;p) and that there exists Q{q, N, p){z), a 
polynomial in 2; of degree 2n -I- 2 and valuation 2, satisfying 

J $-1(4 = z + Qiz) + ffk^Ep,S‘^n + 3;e/p2’*+2,p), 

I I4qi4 + |4q|4 = ^e,,„(£). 

At last, (j3.38jl implies that (1 — e) 41 ^ |$(-s)| ^ (1 + e) 41 on B(0,r) and this completes 
the proof of (3) in the proposition. 

Estimate of the reminder. We have shown that there exists a polynomial $ of degree 
2re -I- 2 that verifies (13.341) . We set 


( n \ / 2n+2 \ 

1 -f i ^ 4 4P^ j nnd V{z) = \ iz + i\\ — 1\ ^ am{z + z)'^ j 

' V m=2 ' 


SO $o/i(4 = Po$(4 + ^(44’"+4 and h{z) = V{z) + ^fc,„(2n + 3; |A - 1| a;2^+4p). 

- We prove in two steps that $ o h — P o $ belongs to ^k,n{‘^n + 3; |A — 1| , p). 

o Step 1. We estimate $ o h. We write h = V + £q and 

$o/i = $ol/-i-J ^(?$(1/ -I- teo) • ^0 + 5$(E -I- t£o) ■ 4)^ dt. (3.40) 

The (Z-product) and the (restriction) axioms of Lemma I A. 1 1 imply that 

V{z) = ffk{0-,{k + lY^+Y\V\\p,p) and £o{z) = ^^(0; |A - 1| p). 
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Since we have \am\^ cop = it follows that V and eo 

both lie in p, p)- Therefore the (product) axiom shows that 

ip^{V + teoY' = \ip^\p''’'^~^,p) uniformely for {q,N,p,t) e = Ep^n x [0; 1], 

with V = (vi, 1 ^ 2 ) and v' = {yi — 1, V 2 ) 
or v' = {ui,i /2 - 1). 

This implies that d^o{y + teo) and d^o{y + teo) belong to i^k,E' (0; IjP); since we have 
= ^EpJiu^Pp-^) = ^Epjl). 

From this, since £o{z) = ^fc(2n + 3; |A — 1| p.40p and the (product) axiom 

show that 

$ o h = 4> o i/+ ^fc^„(2n + 3; |A - 1| w2"+2,p). 

Furthermore, the (Z-product) axiom shows that 

[$ O l/]^2n+3(2) = Yi ^fcdml ;(^ + 1)'“'”^ 1^ - ,/?), 

2!£|!/|s:2n+2 m 

where the indices in the sum runs over all the tuples m = (m^) e (N^)l^l satisfying 
rrii = (1,0) if Im^l = 1, 1 ^ |mf| ^ 2n + 2 for 1 ^ t' ^ and \m\ > 2n + 2, with 

\m\ = 2 \mi\, and where 
i^o 

Pm = card{^ I Im^l > 1} ; |am| = 

We have pm ^ 1 and \rn\ ^ (2n + 2)^, so the (restriction) axiom shows that 

mm\ ; {k + 1)1^1-' |A - 1^^ \aY,p) c ^k,Epj2n + 3; |A - 1| |am| p). 

A direct computation shows that |am| = ^Ep 

Wu\ |am| = ^s^_Ja;H-Vl--(2-+3)l) = J(^^)H-(2n+3)^2n+2) ^ ^^^^j^2n+2)_ 

From this, it follows that [d> o 14]^2n+3 lies in ^fc^„(2n + 3; |A — 1| p). Thus we have 

proved that 

O h = [4> O y]^2n+2 + ^A:,n(2n + 3; |A - 1| UJ^^+\p). 
o Step 2. We estimate Po <f>. The (Z-product) axiom shows that 

Po $(z) = [Po $],5271+2(5;) + Y Z 1 1^1 ’ > 

£=1 i 7 ^ / 

where the index in the sum runs avor all the ^ = {uq, ... ,i/ 2 e) e (N^)^^+^ such that 

2i 

|z^| ^ 2n + 3, with |^| = ^ {ujl, and where 




Since we have \bi\ = ^ki\^ — we obtain that \b£\ \ipy^ = Oa;(|A — ^). This 

implies that 

\bi\ ffk(y\y \; \ipi^ {k + cz ^k,n{W \; |A - 

cz i^k,n[2n + 3; |A - 1| p) 

c ^,,42n + 3; |A - 1| p) 

cz ^fc,n(2n + 3; |A - 1| 

Thus we have proved that 

Po^[z) = [Po ^>]^2n+2(^) + ^k,n{^n + 3; |A - 1| 

Since [P o <h]^ 2 n +2 = [<!• o h]<^ 2 n +2 by construction of <h, we obtain that 
<h o h{z) = P o <h(z) + ffk,n{‘^n + 3; |A — 1| p) 

and this completes the proof of the announced estimate of<ho/i — Po^>. 

- Now we may compute the estimate of the reminder <h o h o — P. Equation (|3.39l) . 
the (Z-product) and (restriction) axioms imply that 

l,p)- 

Thus the (product) axiom shows that 

(^> o h — P o ^>) o $“^(z) = ffk,n{^'n + 3; |A — 1| p), 

which proves (I) in Proposition 13.161 and this ends the proof of the proposition. □ 

3.5.3 Proof of Proposition [3.171 

ProDosition l3.17l follows immediately from the Birkhoff normal form of h (ProDosition l3.l6|) 
with Lemma 13.191 and Lemma 13.201 

Through the whole section, we assume that 2n^ k ^ 1, \bm\ = ^E/ 3 „(|A — 1| w^”^) for 
1 ^ m ^ n and uop ~ |A — 1| /g. We also recall that A^ ^ 1 for 1 ^ p ^ 2n + 2 and $ is a 
diffeomorphism satisfying |^>(2;)| — \z\ and 

n 

^ o ho $“^( 2 ) = \zV{\z\^) + ffk,n{‘^n + 3, |A — 1| 0 ;^”“'"^,p), with E(s) = 1 + i ^ bmS^. 

m=l 

Lemma 3.19. If h is symplectic on a neighbourhood of zero and the Taylor expansion 
of the Jacobian J(‘h) = — |d^>| does not contain any power of the form jzj^^, for 

1 ^ i ^ n, then we have J(‘h)(z) = 1 + ^{\z\^^~^'^) and 

<h o /i o $“^(z) = Azexpfi ^ 'yi \z\^^ + ^fc^„(2n + 2; |A — 1| p)^ , 

^ £=i I 

where 7 ^ e M for each {q,N,p) 6 Ep^n and \^i\ = d^^{\\ — 1| uP'^) for 1 ^ i ^n. 

In particular, we have 71 = 5i. 


61 
















Proof, we split the proof of the lemma into 4 steps. Steps 1, 2 and 4 follow Moser’s 
arguments. 

Step 1: We set g{z) = XzV(\z\'^); we check that J{g){z) is a polynomial in \z\^. 

Indeed, we have dg{z) = X{V{\zf) + W(|z|^)) and dg{z) = Xz^V'{\z\^), so 


J{9){z) = \dg{z)\^ - \dg{z)\^ = \V\^ {\z\^) + 2\z\^ Re{yV'){\z\^) 



x\V{x)\\ 

=,|2 


Step 2: We prove that J(<I>)( 2 ;) = 1 + 0'{\z\‘^'^'^‘^). Since <I>(z) = 1,/?), we have 

{^oh){z) = g{^{z)) + ^fc,n(2n + 3; |A - 


Since h is symplectic, we have J(<1> o h) = J(‘h) o h and from the form of o h above, it 
follows that 

J(<h) o / = {J{g) o ck) • J($) + (3.41) 

We write 

J{<^){z) = 1 + Jp{z) + ^{\z\P+^) and -^(x \V{x)\‘^) = 1 + ax'? + ^(x-^+i), 

ax 

where Jp is an homogeneous polynomial of degree p ^ 2 n + l, aeM and 0 < ^ n + 1 , 

so J{g){z) = 1 + a + ^(|z|2'?+2) = J{g){Hz)) + ^(|zp'?+^). 

Since h{z) = Xz + 0‘{\z\‘^), (I3.4ip implies that 

1 + Jp{Xz) = (1 + a + ^(|zp'?+^)) • (1 + Jp{z)) + ^{\zf+^). (3.42) 

Now we use the hypothesis that Jp does not contain any power of |z| : 

- If 20 ^ > p then (|3.42l) implies that Jp{z) = Jp{Xz), so Jp = 0; 

- li 2q = p then (|3.42l) implies that Jp{Xz) — Jp{z) = a \z\^‘^, so Jp = a = 0; 

- If 2g' < p then (|3.42l) implies that a \z\^^ = iX{\z\^'^^^))., so a = 0. 

In any case we obtain that Jp = 0 if p ^ 2n+ 1, so J(‘I>)(z) = 1 + ^{\z\‘^^^‘^). Furthermore, 

we should note that this also implies that J{g){x) = 1 + ^(|x|”'~^^). 

Step 3: we prove the existence of the complex coefficients 7 ^, for 1 ^ ^ n.We have 

z~^ = ^fc(—1;/c!, p). Therefore the (product) axiom shows that 

<h o h o <h“^( 2 ;) = Az(l4(|z|^) + eo('2^)) j with 60 ( 2 ) = ^A:,n(2n + 2; | A — 1| p). 

Set L[z) = log(l + z), where log denotes the principal value of the logarithm; we 
estimate L(—1 + I/(|z|^) + So{z)). Since \bm\ = ^(| A — 1| w^™) c ^^^^(1) and 

ujp = ^Ei 3 ^„{\X - 1 | /q), we have 

| —1 + I4(|2;2|) + eo(^)| = i^e^_„(|A - 1| (wp)^) = ^£;^_„(|A - if /q"^). 

Therefore, up to changing p to p', with p' ^ p and p' ~ p small enough, we may assume 
that |l4(|z^|) + eo(^) — l| ^ 1/2 on D(0;p). Thus log (I 4 (| 2 ;^|) + eo{z)) is well defined. 
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Moreover, we have L{z)\ ^ (2n + 2)!2^”'''‘^ on D(0,1/2). Therefore the (Taylor 

expansion) axiom shows that 


t— 

L{z) = ^ ’ 2 :^+^ + Li{z), with Li{z) = &k,n{‘^n + 2; 1,1/2). 

e=o ^ 

Since \bm\ = - 1| w^”^) and up = ,^( 1 ), we have 

+ ^o(^) = 1 + |A — 1| OJ,p). 


Since 2n + 2 ^ A:, we may apply the (composition) axiom, which shows that 
Li{V{\zf) + eo{z) - 1) = ^fc,n(2n + 2; |A - 

Now we write Lq = L — Li and P{z) = 1 /(| 2 ;|^) — 1; we estimate Lq{P{z) + eo{z)). Since 
P{z) = i^A:,n(0; IA — 1| ,p) and eQ{z) = ^k,n{‘^n + 2; |A — 1| u^'^~^‘^,p), the (product) axiom 
shows that 


{P{z) + eo(^)) — P (z) + 0'k^ni‘^'n + 2; |A — 1 


e , , 2 n +2 

(jj , 


p)- 


Furthermore, we have 


n£ 


[p(z))‘. (i)' 2 up E '’m. 

j^i rnGNj 

where the summation index m = [mi,... ,me) e Nj a above runs over all the tu¬ 
ples satisfying where bm = 0^=1 Therefore we have \bm\ = 

IR^ so the (restriction) axiom shows that there exist 'jj^i e C 
for each {q,N,p) e Ep^n satisfying \pj^i\ = ^^{\\ — ll^cu^-^) and 

n 

[P[z)Y = -h ^^^^^(2n-h2;|A- l|^w2"+^p). 

j=e 


Thus, setting jj 


j 


£=1 


e 




it follows from the estimates above that 


l7il = 

n 

Lq[P[z) + eo(^)) = f S 7i \A ^ + ^k,n{‘^n -f 2; |A - 1| uj‘^^+'^,p). 


In particular, we have A 2 ;(l -I- ibi \zY) + ^[\zf) = Xzexp[i'yi \z\^ + ^(|z|^)), so ibi = iyi. 

Step 4: all that remains is to check that 7 ^ e R. We have J[g)[x) = '^{x\y[x)Y‘) = 
1 -I- i^(x"'+^), so \V[x)\^ = 1-1- ^[x'^^Y 


n 2 

exp(2 i-it\z\^^) 

1=1 


V[\zf) + ^[\zY^^^) 


^(lzl^”+^). 


This last estimate holds true if and only if Re [i'ji] = 0 for 1 ^ ^ n, which means that 

7 ^ e R. This ends the proof of the existence of the coefficients 'jj with the announced 
properties and the proof of the lemma is complete. □ 
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Lemma 3.20. There exist p' > 0 and p" > 0, with p' ^ p, a function e : B(0;p") —> M 
and a diffeomorphism p from D(0;/9') into an open set that contains B(0;p") satisfying 

i) p' ~ p :=: p" l\/h\ and \p{z)\ ~ \z\ s/bi uniformely on x I!)(0;pO/ 

a) {p o ^ o h o o p~^)(z) = Xzexp{—2Tri\z\‘^ + e{z)) onB(0;/9"); 

Hi) e{z) = ^A:,n (2n, IA - 11 , py/h) ■ 

Proof Lemma 13.191 shows that 

n 

^ o ho = Azexp ^ 7 ^ \z'^^ + eo(-2)^ j with eq £ + 2, |A — 1| p). 

^ i=i 


With pq{z) = 1+ V — \z\ ~ H-Im [eQ{z)/\z\ ) j , this is equivalent to the equation 

^ o ho ^~^{z) = Azexp {i^i \pq{z)\‘^ + Re • (3.43) 

We estimate $ o h o o p^^ (z). 

We set £ 1 ( 2 ) = ( 1 / 71 ) Im (|^|~^ £ 0 ( 2 ;)). Since z~^ = ^fc(—1; A:!, p), the (product) axiom 
shows that £ 1 ( 2 ;) = 0'k,ni‘^n;uj'^^, p) c ^^(0; {puj)‘^'^,p). Since pu = ^Ep^S^) and | 7 £/ 7 i| = 
^Ep 1 follows that 

I; M + |,,(,)| . 

1=2 

This implies that there exists p' ^ p such that p' ~ p and 

1=2 


In particular, po{z) is well defined for 2 : e B(0,p'). Furthermore, the (Taylor) axiom 
shows that y/\ + z = Xl£=o (+ ^k,n{k + 1; 1,1/2), so, by composition, there exist 
coefficients C£ 6 M, 1 ^ ^ n and a real values reminder £2 such that 




1=2 


li 

71 


\2t-2 


£ 1 ( 2 ; 


Thus we have proved that 


n—1 


1 + 2 Q + £ 2 (^), with < 


l=\ 


IC^I = 

£2(2) = ^fc_„(2n;a;2”,p')- 

(3.44) 


To{z) 


n—1 

, V' I |2^ 

= 2 + 2 j \z\ 

i=i 


+ ^A:,n(2n + 1; 0?'^ ,p\ 


(3.45) 


We write po{z) = Po{z) + z£ 2 {z)-, up to shrinking p' (keeping p' ~ p), we may assume that 
there exist c > 0 and C > 0 such that c ~ 1, 2 £ 2 ( 2 ) = ^fc(2n + 1; C'w^"’, p') and 

\\dPo - l||p + i^Pollp + ^ cu^p^ ^ 
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It follows with the (inverse) axiom applied with e = cuP‘(?‘ that ip^ is a diffeomorphism 
from D(0,/9') onto an open set that contains a disk of the form D(0, p"), such that p" ~ p 
and there exists a polynomial Q of degree 2n and valuation 2 such that 


Pq ^{z) = z + Q{z) + ^A:,n(2n + 1] Ej{pf'^, p") , with ||Q||^„ = 

Q is a sum of monomials of the form dyZ^, with 2 ^ |i/| ^ 2n, and we have 

so \dy\ = and dyz'" = p"a;^,p")- 

In a similar way, since we have p" — p and e = ^Ep the (restriction) axiom shows 

that ^fc,n(2n + l;e/(p")^”,p") c p^j, (J') = ^fc^„( 2 ; /). Since 

ptjj = Gep^{^), we obtain that 

^ + '^fe,n(2;W^yo",p") = z + ^fc,n(2;a;,p") = ^A:,n(l; 1, p")- (3-46) 

This with (j.S.d.ip and the (composition) axiom shows that 

^ o ho o Pq^{z) = \pq^{z) exp + £ 3 ( 2 )^ , (3.47) 

with £ 3 ( 2 ;) = Re(eo o <Po H^)) = ^k,n{‘^n + 2 ; |A - 1 | a;^"'+^,p). (3.48) 

We should also note that the (restriction) axiom shows that 

i-ii\z\^ + £3 {z) = (^fc,n(0;a;^p^p) c ^fc^„(0;l,p). 

Since exp( 2 ;) = Xi^= 0 '^V'^- + ^k,n{k + 1;1,1), this implies that exp(i 7 i | 2 ;|^ + e 3 (. 2 )) = 
1 + P^, p) ZE Gk,n{^] 1)P)- From this, (|3.47l) and (|3.46l) . one can deduce that 

opQ^{z) = Gpni'^]l,p). (3.49) 

We estimate (^0 o ^ o h o o 

We write foiz) = ^oho^~^op~^[z) and Po{z) = zPi{z), with ^ 1 ( 2 ;) = l + Q \z\‘^^ and 
Po{z) = z{^Pi{z) +£ 2 {z)). Since Pi depends only on \z\ and |/o| ( 2 ;) = |(y 9 Q^( 2 ;)| exp(£ 3 ( 2 ;)), 
we have 

Since |A — I| tj 2 n+ 2 ^ 2 n +2 ^ Gep^{1), (I3.48P shows with the (P-composition) and (restric¬ 
tion) axioms that exp(e 3 ( 2 ;)) = 1-1- ^fc^„(2n -I- 2;|A — 1| p). Therefore the (prod¬ 

uct) axiom and (j3.46p imply that 

Po^{z)e^^^^'> = Pq'^{z) + i^fc,n(2n -f 3; |A - 1| u?'^"^‘^,p). 

From this and the estimates \ci\ = Gep one may check that 

Pi((^o^(z)e^3W) = P^{p-^{z)) + £^{z), 

with £ 5 ( 2 ;) = ^fc,n(2n-h 4; |A - 1| u;^"'+^,p)) c ^fc^„(2n; p). (3.50) 
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Since Pi is real valued, so is 65. Moreover, () 3 . 44 l) . the (composition) axiom and (| 3 . 46 p 
imply that 

62 0 = (^fc,n( 2 n; ( 3 - 51 ) 

the estimate \c(\ = and ( 13 . 461 ) imply that 

Q I(^0^(2;) Ic ^fc,n(0; p). 

Thus we obtain that Pi((/7q ^(z)) +62° lpq^{z) = 1 + ^fc,n( 0 ; {puj)‘^,p). 

Since puj = we may assume that (Pi + £2) o lpq^[z) does not vanish, up to 

shrinking p" (keeping p" — p), and 

((Pi + £2) o ipQ^{z))~^ = 1 + ^fc,„(0; {puf,p") a ^fc,„(0; l,p). ( 3 . 52 ) 

From this discussion, it follows that 

o k{z) = /o(2;)(Pi(v^o ^(^)e^3W) 

= Av5o^(2;)exp (i7i |z| V £3(^)) (A(</?o + ^5{z) + £4(^)) 

= Vo exp {i-ii\z\^ + £kz)){Pi{vQ^{z)) +£2 0ip-^{z) +£q{z)^ 

= VoH^)(A + £2){^0^{z)) exp {iji |2;p +£3(2;))(l + e^z)) 

= Xz exp (iyi + £2,{z)) (l + £7(2^)) 

with 64 = £2 o /oj £6 = £5 + £4 - £2 o £7 = £6 • ((-Pi + £2) o ^■ Since Pi, 

£2, £3 and £5 are real valued, so is £7. Furthermore, the (composition) axiom applied 
to (I 3 . 44 P and (j 3 . 49 p shows that £4 lies in ^fc^„( 2 n; p), and so £% according to () 3 . 50 p 

and ( 13 . 511 ) . With the (product) axiom, this estimate of £q and (I 3 . 52 p imply that £7(2:) = 
V,n(2n;a;2’^,p). 

Since log(l + 2;) = Xjto(“^)V(^ + 1 )' 2 ^~'’^ + ^k,n{k + 1 ; 1 , 1 / 2 ), the (P-composition) 
shows that we may set £3(-2) = log (1 + £7(2;)), up to shrinking p" (keeping p" — p), so £3 
is real valued and £3(2;) = ^fc^n,(2n; p) and 

^0 o fo{z) = Xzexp (z7i \z\'^ + £9(2)), 

with £9(2;) = £3(2;) +£3(2;) = ^k,ni2n;uj‘^^, p) according to p. 48 p and the (restriction) 
axiom; we note that £9 is real valued. 

Definition of p. We set (pi{z) = on a disk of the form ©(O; cpj-^J^) with c > 0 

small enough (keeping c ~ 1) so £ = £9 o is well defined; we set tp = tpi o pg- Thus we 
have 

(p o <h o /i o <1>~^ o (p”^(z) = (pi o (po o /o o (p^^(z) = A2;exp ( — 2^1 \z\^ + £{z)) . 

Since we have zVWai = '^fcp„(l; 1 -^ “ the (com¬ 

position) axiom shows that 

£{z) = ekz^f^xkj^x) = ^fc,E„(2n; 1 /|A - 1 ^, p^Ti) 

and this completes the proof of the lemma. □ 
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3.5.4 Proof of Proposition [3.181 

We now focus on the tranformation of h in polar coordinates, as stated in ProDosition l3.18l 

Proof, d) We consider the diffeomorphism ip of Proposition 13.171 and set 4* = ip ^ o p, 
with p{r,9) = y/r exjp{27ri6). Since ip~^ is a diffeomorphism from B(0;p2) onto its image, 
so is Ip from (0; /O^] ^ I’- This proves the point 1 of the corollary, with p' = 
e(r, 0) = r (exp(2e o p[r,9) ) — l). 

[m)) The function e is real valued by construction. We now estimate e. Proposition 13.171 
shows that p 2 — pu; |A — 1|^'^^, so p^^'IA —1|“” ~ Therefore, up to 

shrinking p 2 (keeping p 2 ~ po; |A — 1|^'^^), we may assume that 2e(D(0;p2)) ID)(0;1). 
The (P-composition) axiom of Lemma [A. 11 applied to exp(z) — 1 = P{z) + 1,1) 

composed with 

2n-l 

2e{z) = ^fc,„(2n;Ci/p2",p2), where Ci = |A - Ip^pi” and P{z) = ^ z^/£\, 

£=1 

shows that exp(2e(z)) = 1 + ^fc^„(2n; Coi/p^”, P 2 ), with 

Coi = ( 2 Ci) = since Ci = ^e.JI). 

^£=1 ^ 


Thus we have proved that exp(2e(2;)) — 1 = ^fc^„(2?T,; | A — 1| , P 2 ), hence the (Z-product) 

axiom of lA.ll applied twice shows that 

\z\^ (exp{2£{z)) - 1) = ^k,n{‘^n + 2; |A - 1|“"' ,p 2 ). 

Applying the (T-composition) axiom of Lemma IA.2I to this map composed with p, the 
estimate of e of the lemma follows, with p' = p\. 

[mjl We already know that p' = P 2 ~ p^oj'^ 1^ ~ 1| ~ 1-^ ~ Furhermore, we have 

|p(r, 0)1 = y/r and Proposition 13.171 shows that 


r\z) 


\z\ 

UJyJ\X — 1 


hence |T(r, 0)| — 


U)y/\\ — 1 | 


At last, we observe that ip{£f) = 0. Therefore the diffeomorphism ip~^ maps any Jordan 
curve with 0 in the interior onto a Jordan curve with 0 in the interior. But the estimate 
of above implies that the Jordan curve ip~^{dl]>{0, y/r)) lies between two circles 

centered at zero with radii comparable to 1-^ ~ ^l- Therefore we have 


area(V’ ^(0(0; y^))) 


Wy/jA — 1| 


r 

|A — 1 


This implies the last estimate of the proposition since p((0;r] x T) = B(0;y/r)\{0} and 
the proof of Proposition 13.181 is complete. □ 
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3.6 The invariant cnrve theorem 

The following statement is taken from [He02| . VII.11.3 and VII.11.11.A.1. 


Theorem (Herman [He02] l. Assume 5 > 0 and set = T x [—5,5]. Let 7 e M and T > 0 
satisfy 

0<r^ inf —p|}. (3.53) 

q^l,peZ 

Then there exist two constants ci > 0 and C2 ^ 0 such that for any embedding F : As ^ A 
of the form 

F{6, r) = (0 + 7 + r, r + ip{9, r)), with ip e C^{As) 
satisfying the essential circle intersection property and 


max 

Isii+jm 


dldlp 


CO (As) 


^ ciT^, 


(3.54) 


there is an unique function ip e IV^’^(T) and a diffeomorphism f e C'^(T) with rotation 
number'y such that F{9,'ip{6)) = (/(0), V’(/(0))) and we have 


\\i’\\wo,2m ^ C'ar max 




CO {As) 


(3.55) 


If 6/T ^ 0.123 then ci = 14 and C 2 = 0.097 are suitable for any 7 satisfying (13.53^ . 


This theorem requires a few comments. 

1) We recall that F : As —>■ A satisfies the essential circle interection property provided 

that each simple essential curve ^ c (homotopy equivalent to the circle {r = 0}) 
satisfies F{^) 0- In our case, since Fg^]\f^^ is symplectic and fixes a^, this condition 

is automatically fulfilled. 

2) Here IV^’^(T) denotes the Sobolev space of all distributions xf e ^'(T) n L^(T) with 
derivatives in L^(T) for 0 ^ A: ^ 3, endowed with the norm 


ll'*/’llw3.2(Tr) 



m 



with 



V’(t) dt. 


In particular, it is standard to prove that IT^’^(T) embeds in C'‘^(T) (see Proposition IV.3.7 
in |He02j ) and 

- ^(0) ^ 

' C0(T) 12v^ 




L2(T) • 


Since here f{9) = 9 + 'y + 'tf(9) is a diffeomorphism of the circle with rotation number 7, one 
can prove that / — 7 has a hxed point (see [Hi 


some point xq e T. Therefore we have 


IIV’llcO(T) ^ 2 ?/> - ^(0) 




m 

1 


eOl 


I. This implies that xfj should vanished at 


^/’(a:o) - V'(O) ^ V’-V’(O) 


, hence 






C0(T) ^ 6Vf[o " ^ 


C0(T) 

IIV'llvy3,2(T) ■ (3.56) 


3) One says that the number 7 e M is of constant type with Markoff constant at least T 
exactly when it satisfies (j3.53p . All we need to know about it is the following result (see 
IV.3.5 in |He02] l. 
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Lemma 3.21 (Herman). There exists a constant c > 0 such that for all 0 < rj < 1/2, if 
[a, b] cz [0,1] satisfies \b — a\ ^ r] then [a, b] contains infinitely many numbers of constant 
type with Markoff constant at least crj. 

Notice that we may shrink c as we need; in the following, we shall take 0.123 in 

order to apply Herman’s theorem. 

3.7 Conclusion of the proof of Theorem [Fl 

Now we have all the ingredients to prove Theorem m which follows immediately from 
the following proposition. We recall that is a g-adapted box for GN,fi and that 

on The set which appears in the statement is the one defined 

in ()’3.24b|l on p. HU 

Proposition 3.22. There exists a real number po > 0 and, for each {q, N, p) e Ep^n, a 
disc fig,AT,^ c Bq^N satisfying the following conditions. 

'^) TQ /^ 7o then Fq ]\f^^(filq^j\[qfj = fig 

a) area (rig, AT, 

Proof. We set n ^ 8, Ic = 4, a; = q^/N^] we recall that the number ag,Ar introduced in 
Proposition 13.111 (on p. 1471) satisfies ag,Ar ~ T ’and A = exp(i7o) satisfies A + A“^ = 
2 — pLOiq^j.i and |A — 1| = ixoiq^jq. 

• Since 2n + 2 ^ /c, Proposition 13.131 applied to T’g,Af,/.i and 2n + 2 shows that for each 
(g, N, fi) e Ep^n there exist p > 0 and a map Tq from a disk D(0; p) into Bg^N such that 

/ 2Ti+2 \ 

O o 4 'o( 2:) = Af Yi au{z + zfi + ^k,n{‘2n + 3,uj'^'^^‘^,p)Y 

f i/=2 '' 

with ~ 0;^“^ and p — ■ Since 2n ^ = 4, we may apply Proposition 13.181 

for each (q, N, p) e Ep^n, there exist p' > 0 and a map Ti from T x (0; p') into B(0; Pq,N,fi) 
satisfying 

° ° ° ^0 o ^i(6',r) = + 0 + r, r + e(r, 0)^ , 

where e{r,9) = ^J(n + 1; |A — 1|~” ,p') and p' ~ |A — if /q"^. 

• Since |7o| ~ ~ 1| ~ we may choose po > 0 small enough so p' + ^ < 1. 

Lemma [3.211 shows that there exists ro 6 [pV3; 2pY3] such that 7 = ^ + ro is of constant 
type with Markoff constant P ^ cp'/3. We set 'I'2(0,r') = (0,ro + r') and 5 = p'/3, so 'I'2 
defines an embedding from into T x (0; p’) such that 

E(e, r') := ^2 ^ o o o Fq,Ar,/i o Tq o Ti o T2(6', r) = ^7 + 6* + r, r' + e{d, r')^ , 

with e(9, r') = e(ro + r', 9). 
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• We apply Herman’s theorem of Section 13.61 to F on with ci = 14, C 2 = 0.097 and 
r = c/?'/3. These constants ci and C 2 are suitable because 5/T = \ ^ 0.123, so we have 


max 




CO(A^) 


< 


max 

l!£i+i=£4 


dldie 


CO((0;p')xT) 


.(|A-1 


—n ^/n—3^ 


Since we have |A —1| — |A — 11— |A — and T^ — — 

IA — 1\^ /q^ and since we assume n ^ 8, we may choose tjq > 0 small enough so (|3.54l) is 
satisfied for all {q,N,fi) e verifying ^q^/N^ ^ po. 



r = 35 = p' 


< V 
^ 6 


r = ro + I 
r = ro 

y., ^ \ (5 

t — Tq 2^2 


p: 

6 


0=0 0=1 


Herman’s theorem shows that there exists a map V' : T M such that ^ = {(0, V’(0))} 
is globally invariant by h{9,r) = (7 + 0 + r',r' + e(0,r')) and (I3.55P holds true. This 
with (I3.56P implies that 


IIV’II 


C0(T) 


r ^ max 
l^i+i^4 


dldgS 


C°{As) 


J|A-ir>— 


Since |A — 1| ^ — |A — l]^" J ~ |A — /q^ and n ^ 8, we may choose 

po > 0 small enough so IIV’llco(Aj) ^ for all {q,N,p) e verifying pq^/N^ ^ po- 
Thus we have proved that the Jordan curve ^ = {'I'l o 'I'2(0,'0(^))} is invariant by 
'hg Since p'/3 ^ rg ^ and ||'!/’||(70 (t) ^ we have p'/G ^ ro + 'ijj{9) ^ 

5p'/6 on T, so the estimate of Ti in Proposition 13.18l shows that 


area(lnt(^)) - —- ~ 

|A — 1| q^ui 


Therefore = 'I'o(Iiit(^)) is invariant by Tq^7v,p and the point [mP in Proposition 13.131 

indicates that 


|A ~ ir 

area(Hg,Ar,;,) - k - —5-^ 
this completes the proof of the proposition. 


|A-1 

qu}N 


quN ^ iW’ 


□ 
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4 Coupling devices, multi-dimensional periodic domains, wan¬ 
dering domains 

At this point of the paper, it only remains to be proven Theorem O stated in Section O 
and Part (ii) of Theorem [Pl stated in Section [1.31 Both proofs will make use of a “coupling 
lemma” which is the object of Section 14.11 

4.1 Coupling devices 

We quote here almost exactly Lemma 3.2 of |MS04] . which was itself a simple adaptation 
of a result already present in [MSn3| . Though very simple, this coupling lemma plays a 
crucial role in our constructions. 

Lemma 4.1. Let m,m' ^ 1 be integers. Let F: A™ O and G: O be two diffeo- 

morphisms, and let f: A™ ^ M and g: A™' —> M 6e two Hamiltonian functions which 
generate complete vector fields. 

Suppose moreover that we are given q ^ 1 integer and F c A™' such that Y is q- 
periodic for G (i.e. Y = G^{Y)) and the “synchronization conditions” 

g{x) = 1, dg{x) = 0, g{G^{x)) = 0, d5(G^(x')) =0, l^s^g-1, (4.1) 

hold for all x' e Y. 

Then f <S> 9 generates a complete Hamiltonian vector field and the diffeomorphism 
T := $/®9 o (F X G): A”*+™' O satisfies 

F^''+"(x,x') = G^«+*(x')), xeA™, x'eF, (4.2) 

for all integers i,s e 2. such that 0 ^ s ^ q — 1. 

We have denoted by f0g the function (x,x') f{x)g{x'), and by F x G the product 

diffeomorphism (x,x') (F(x),G(x')). 

Proof. See the proof of Lemma 3.2 in |MSr)4( p. 1631]. The point is that 

^^®>^{x,x') = (4>^(*')^(x),4>^(^)5(a.'))^ xeA™, x'e A”^', 

(as proved in |MS03j . using the invariance of both / and g by the Hamiltonian vector field 
generated by f <S> g), so the synchronization conditions (14.ip easily imply (14.2p . □ 

Notice that, under the assumptions of Lemma l4.ll the union 

F := r u G(r) u ... u G^-^'^) (4.3) 

is a disjoint union because, for any s e {1,..., (7 — 1}, the synchronization conditions ()4.ip 
say that Y cz (7“^(1) and G^{Y) cz g~^{0). Thus any x' e Y can be written x' = 
G*(xq) with uniquely determined s e {0,1,... , g — 1} and Xq e F; then (14.2p shows that 
F^(F“®(x),Xq) = (x,x') and that 

F''(x,x') = o (4 >^oF«)^^ oF-"(x), G^(x')), xeA”^, x'eY, 
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Figure 1: Coupling of a wandering domain '2^' in A and a periodic domain Y in A” ^ 

with /c + s = i\q + si- In particular, the set A™' x tC is invariant under A” and the second 
projection makes G\y a factor of Note also that (I4.2p yields 

Assuming furthermore that there is a subset ^ c A”* which is periodic or wandering for 
o pi ^ we easily obtain that ^ x Y cz is periodic or wandering for P. This is 

essentially the content of the folowing two corollaries. 

Corollary 4.2. Let T = ^f®3o{F X G ): A™+"*' ^ A™+”^' with m, m', F, G, f, g, q and 
F c hP as in Lemma [7TI] (in particular P is q-periodic for G and the synchronization 
conditions ()4.ip hold). 

Assume now that the diffeomorphism o F'^ admits a p-periodic subset ^ c A™, 
with a certain integer p ^ 1. Assume moreover that there exist sets M c c A™ and 
AS' c AS'^ c hP' such that 

^ ^ AS., (<h-^ o F^')^{f2S') n AS^ = 0 for 1 ^ A: ^ p — 1, (4.5) 

y^Ag', G^if) r^AS'^ = 0 forl^k^q-l. (4.6) 

Then the product set ^ x y a ^m+m (^pq)-periodic for the diffeomorphism T and 
^ X y Ag X X y) r\ X ^'f) = 0 for 1 k pq — 1. (4.7) 

Proof Let V' := o FT By ([O]), PP1{^ x y) = GPi{y)'j = ^ x y and this 

(pQ')-periodic set is obviously contained in x Ag'. 

Suppose that k e Z and xy)r\ (.^* x ^ 0. We thus can find (x, x') e ^ xy 

such that 2; := P^{x, x') s AS^x AS'^. By p4.2ll . the second projection of z is G^{x'), in view 
of p4.6p this implies that k e qZ, say k = iq. But, again by (14.2p . the hrst projection of z 
is thus V’^(x), and (|4.5I) then implies £ e pZ. Therefore k e pqZ and (14.71) is proved. □ 

Corollary 4.3. Let T = $/® 9 o(F X G ): A™+"*' ^ with m, m', F, G, f, g, q and 

y d A”* as in Lemma ED (in particular y is q-periodic for G and the synchronization 
conditions (|4.1I) hold). 

Assume now that the diffeomorphism o F'^ admits a wandering subset ^ d A™. 
Then the product set ^ x y d is wandering for the diffeomorphism T. 
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See Figure [H 

Proof. Let ^ Y. We show that n = 0 for arbitrary k e Z\{0}. 

Suppose first that k ^ qL. Then Y n G^{y) = 0 as already observed in (j4.3h . Thus 
x' € Y implies G^{x') ^ 'V, whence 

T^{x,x')iW for all xe A™ 

by (j4.2l) . i.e. x "A) n (A”^ x A) = 0. In particular, n = 0 when k ^ qZ. 

Suppose now that k = £q with i e Z\{0}. We have F^{W) = o A) 

by (|4.4p and ^ is wandering for <I>-^ o A”?, hence o F'^Y{^) n = 0, therefore 
T^ifW) r\W = ( 2 ) again. □ 

4.2 Proof of Part (ii) of Theorem [Pl (periodic domains in 
4.2.1 Overview of the method 

For n ^ 3, we must construct an arbitrarily close to integrable system in ^“’^(<I)2('’2“i '■’'n) 

possessing a periodic polydisc of arbitrarily large period in the Gromov capacity of 

this polydisc must be bounded from below as in (jl.23p and “localization conditions” of the 
form ()1.24p - (jl.25l) must hold for its orbit. The near-integrable system will be obtained by 
applying Corollary 14.21 with m = 1 and m' = n — 2. The period of the polydisc will be of 
the form Q = pq, with 

p := ipj+ 2 , ^ e N arbitrarily large, q := pj +3 ■ ■ ■ pj+n 

(recall that (Pj)j>i is the prime number sequence), so that Q will be an integer multiple 
of Nj := pj+ 2 Pj +3 - ■ ■ Pj+n, and the deviation of the system from $2(’’2“^ be 

0 { 1 /Nf). 

To apply Corollary 14.21 we must define a system F, a function / and a p-periodic 
domain for o F in the first factor. A, and a system G, a function g and a g-periodic 
domain A for G in the second factor, A”“^. 

On the first factor, we will make use of Theorem iFl (in a way very similar to the proof of 
TheoremlPfil in Section [3. 2p to produce a system 'L e ,?A“’^(<I>2’'2) possessing ap-periodic 
disc ^ in A, whose area admits a suitable bound from below and whose orbit is suitably 
localized. A simple rescaling of the action variable r2 by the factor q will then yield a 
system of the form 

^ o with / e G"’-^(T) small, A e ^^’-^($^”2), (4.8) 

possessing a p-periodic disc ^. The smallness of ||/||„ ^ will be controlled by the choice 
of the “tuning parameter” p at the moment of using Theorem iFl 

On the second factor, we will use a near-integrable system of the form 

G = X • • • X g["] e ^f'^($l(”3+-+”n)) (4.9) 

where, for each k, G^'^^ e ^“’^(^a^K) has a pj+K-periodic disc A^^^^ with area suitably 
bounded from below and orbit suitably localized. Since Pj+ 3 , ■ ■ ■, Pj+n are pairwise coprime 
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and their product is q, we shall have Y = x • • • x q-periodic for G. Lemma lB.51 
of the Appendix IB.4I will then yield a “bump function” g e satisfying the 

synchronization conditions relative to Y and G. 

According to Corollary 14.21 the polydisc ^ ^Y will thus be (pg')-periodic for o 
{F X G), which will be the desired near-integrable system. Notice that 115110, £, will be 
exponentially large, so we need to choose properly the tuning parameter /r in the hrst 
step, so as to compensate the largeness of ||5||o l by the smallness of ||/||o and ensure 

X = OiXjN]). (4.10) 

4.2.2 A p-periodic polydisc for a near-integrable system of the form <1>^ o 
in A 

Let a > 1 and L > 0 be real. 

We give ourselves reals /?o > 2, Lo,9* > 0 such that Lq < ^ ~ ^*) <^ •= 1 and, as 
in Section 13.21 by means of Lemma IB.51 we pick 1-periodic functions V, (VLM)MeN* ia 
which satisfy the assumptions (i)-(v) of Theorem [Fj In particular, 

WM{e) := (dist(0,z))^ \\WmL^l ^ Co exp (^c{a,L)M^^ for all Me N*, 

(4.11) 

with some positive reals Gq and c{a,L). 

We get Cl, C2, C3, G4 > 0 fulfilling the conclusions of Theorem iFl setting 

PviM 40 ,r) := + -^V{6), Gm^, ■= o 

for every integer M ^ 1 and real /r > 0 (as in (l3.1ji - (l3.2ji L Theorem [F] says that Gm,/^ has 
a p-periodic disc Dp^M,fi for each integer p ^ CiM provided p < G 2 M^/p^, with area 

area(L>p,M,M) ^ ^3^ (4.12) 

and orbit localized as in (13.4p . 

Let n ^ 3, j ^ 1 and ^ Gi be integers, and 

Q ■= Pj+3---Pj+n, Nj := pj+2q, p := lpj+2, (4.13) 

so that Q ■= pq = iNj is an arbitrary multiple ^ GiNj of Nj. We define 

{ 2 ^’ J2^ “P ( - .^)(2!>i«)^) }■ (‘l-l'l) 

Notice that < G2p|_|_2/p^. We may thus consider the map 

o ^hP+Pj+2V (4.15) 

which has a well-defined p-periodic disc := 
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Lemma 4.4. Let 


a: (0, r) 6 A {9, qr) 6 A. 

Then, for any Hamiltonian function of the form {9, r) e A h{r) + 

q^h{r), one has 

o oa = 

II 

Proof. This is a simnle sealine: nronertv of the Hamiltonian flow already used in [MSn3j. 
Since cr is not symplectic but conformal-symplectic, one needs to rescale the action vari¬ 
able r and the time: the identity o o a = is easily checked by 

differentiating both sides with respect to t. □ 

Applying Lemma 14.41 with h{r) = Ir^, we get 


o = F/ Fj := 

J 

(4.16) 

and, with h = 0, 


cr-l o f-^^ ;= q-^pj fWp.^^. 

(4.17) 

Therefore, the map 

o Fj = a-^ 0 o a 

has a B-oeriodic disc n := ^i. Ineoualitv (14.121) entails 

(4.18) 

^ (7*3 

QPj+2 

(4.19) 

and, because of (13.41). 



4.2.3 A q-periodic polydisc for a near-integrable system G in A"^“^ 

We now need a near-integrable system G = Gj of the form (14.9p possessing a g'-periodic 
polydisc in We shall take each factor of the form described in 

Proposition 4.5. For any integer p ^ 2 and positive real v < 1/p, the exact-symplectic 
map of A 

(4.21) 




(with the same sequence of functions (14m)msN* in (14.111) ) has a p-periodic disc Ep^i 
such that 

(4.22) 


area 


{Ep,u) — 


TT V 

IMp 


and 


-Ep,!. c J^p,i,{Ep,u) ^i/p = 0 forl^ki^p-1. 


(4.23) 
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Indeed, we shall define 


G, := A 


Pj+3^'^ 


[3] X • • • X A 


Pi + ri,K 


with ur ■■= 


1 


N'iWW,,, 


' j II ’ ^Pj+i<' lla,L 

and, since Pj+3, ■ ■ ■ ,Pj+n are pairwise coprime and their product is q, 

^ll2pj+3 X • • • X 

will be a g'-periodic polydisc for Gj whose iterates are polydiscs satisfying 
G]{fj) n (=^i/p ^.+3 X • • • X =0 for 1 ^ A; ^ g - 1. 


for K = 3,..., n 

(4.24) 


'Vj '■= E [3] X • • • X ill [„ 

■' Pj + iEj Pj + nEj 


(4.25) 


(4.26) 


Proof of Proposition \4.^ The disc Ep^y will be a p-periodic filled ellipse centred at Op := 
(<(0), 1/p) e A. Recall that 

$P«0>,r) = «0 + r>,r), = {{e\r - nW'p{e)). 

Let us set 

Bp-= {{(x),l + y)\ |y| ^ = + 

^ T in our notations and consider 


We will sometimes omit the canonical projection { •): 1 
{x,y) as local coordinates near Op. 

We first note that Bp is a p-adapted box for hir) = and in the sense of 

^ ^ 2p 

Definition 13.11 of Section 13.4.11 Indeed, for Op + (x,y) e Bp, we have 4>*^(Op + {x,y)) = 
{(x + t{ I + ?/)), I + p) and a straightforward computation shows that 

l^t^p-1 ^ i<-i + ^-^^a: + t(i + y) ^^ + (p-l)(i + ^) <1-^, 


hence 


1 ^ t ^ p — 1 


(Op + {x,y)) i 


2p 


(4.27) 


while the first component of {Op + (x, p)) is (x + 1 + pp) = (x + pp) and |x + pp| ^ 


hence 


(Op + (x,p)) 

Ap 


(4.28) 


We now observe that the restrictions to Bp of A„ y and its iterates up to the pth 


■Ak,p,ii ■— Aj- 


/c = 0,... ,p 


are affine in the coordinates (x,p), and even linear for the pth iterate. Indeed, one checks 
by induction on /c 6 {0,... ,p — 1} that A^^p^y = $2 
assuming it for O^/c^p — 2, we have 


I „ : this clearly holds for k = 0 and, 

I dDn 


Ak+i p ^ o 4.^' o I = I 

’•r ’ I Efp \ tip 
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because, by (j4.27l) . (i?p) lies away from the support of Wp. Now, (I4.28P says 




that <1>2P^ {Bp) is contained in and this is a part of A which we may identify with 

4p 

[ — X M c M X M, in which Wp = ^6^ in the coordinates {6, r), whence for k = p 

r 1 r 1 \ \ 




We thus end up with 

■^k,p,i/{Op A {^lU)) ~ Op 


{(x + k{y + l)},y) 


if 0 ^ A: ^ p — 1, 


{{x + py}, y — v{x + py)) if k = p. 
Let us consider the linear transformation A\ ^ defined by 


(4.29) 


X 


X + py 

y-v{x+ py) 


1 p 

— V 1 — vp 


According to (|4.29p . if is a filled ellipse centred at the origin and invariant by A and 
Op Cl Bp^ then Op -t- d 
linear algebra shows that 


Op + S’ Cl Bp, then Op + ^ is a p-periodic disc for Ap^^, which satisfies (I4.23p . Elementary 


cosy smy^ 


A = P 

sm y cos y 

where 0 < y := arccos (l — ^ (recall that 0 < z^p < 1) and 

I f V f) \ fx 


P 


Y 


psiny 1 + cosy sinyy yE 


Hence, for each r > 0, S{r) := P^{ (y) 6 | X‘^ + Y‘^ < is a filled ellipse of area 

vrr^, centred at the origin and invariant by A. We choose 


Bp,i/ ■— Op + S{rp^ii), 


1 / ^ ^1/2 


'’.1^ •“ 8 (2p) 


Using siny > (r'p/2)^/^ and siny > 1 — cosy, the property Op + S{rp^y) a Bp is easily 
checked and the desired conclusions are fulfilled, including (I4.22p . □ 


4.2.4 Applying Corollary [43] 

From now on, taking advantage of the Prime Number Theorem, we assume that the 
parameter j is large enough so that 


Pj+2 < Pj+3 < • • • < Pj+n ^ 2pj+2 (4.30) 

(this is the interest of having taken successive prime numbers for our n — 1 pairwise 
coprime integers). Recall that the other parameter is f' ^ Oi, so that Q = pq is an 
arbitrary multiple ^ CiNj of Nj. 

On the one hand, in A'” = A, we have a p-periodic disc for the map o Fj 
defined by (j4.16l) ~^ (|4.17p . satisfying the localization condition (j4.20l) . On the other hand, 
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in = A"" we have a g-periodic polydisc 'Aj for the map Gj defined by (14.241) . with 
localization conditions (I4.25p ^ (|4.26p . We can thus apply Corollary 14.21 with 


9j ■= Vpj+3 ® ® Vpj+u ( 4 - 31 ) 

^ •= ^l/(2pj+2) ^ '^l/2pj+3 X • • • X 

•= + j •= ^l/pj+3 X • • • X 

and get a map 


^ := o X Gj) = o 

possessing a Q-periodic polydisc 


o 4>' 


i(r| + ---+r; 


) + ^V 

' JV? 

3 


(4.32) 


^ := X Yj ^ X 


(recall that Q = pq ), with 

'I'^(^) n (c^* X = 0 for 1 ^ A: ^ Q — 1 . 


The last two properties coincide with (|1.24l) - (ll.25l) . since all iterates of ^ are in fact 
polydiscs (in view of (14.21) and (14.241) 1. 

To end the proof of Theorem iDlfiil. we just need to check that 


(i) the map T, which clearly belongs to ^ 2 ’^ (4? 2 ^ ig indeed close to integrable, 

namely 


(5"’-^(T,$2hi+-+'’n)) 




Gq n — 2 + 


a.L 


Nf 


(4.33) 


(ii) the Gromov capacity of ^ is not too small, namely 


(4.34) 

with C := min { , 25 !^) 2 “”“^C' 3 } and c := 2“^(n — 1 ) c ( q :, L). 

Indeed, this will yield pi.l9p and (ll.23|) . up to an obvious change of notation for the 
constants “C' 2 ” and “Cs”, by taking for c a large enough function of c, a and n. 


Cg(^) ^ (5 min 


1 4 —^ - 2 —^ 


4-T 

— N- 


-2 -^ 

IV, 


exp 




Proof of (i). In view of (14.171) and p4.31D . we can estimate the norm of fj^i 0 gj thanks 
to (14.lip and PB.IGP : 

\\fj,e ® 9j\\a,L ^ exp (pJ- 2 ' + • • • + 

which, by p4.14p and ^4.301) . is ^ { 2 p^+ 2 pq ^ view of (14.3211 and the choice of 

12 ?^,..., 12 ^^ in (I4.24P , this yields P4.33D . □ 
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Proof of (a). Since Nj = pj +2 q and q = pj +3 ■ ■ ■ pj+n, (|4.30p yields < ( 2 Pj+ 2 )"' \ 

whence 


1 ^ 

-Nf-^ 
2 ^ 


< Pj+2 < Nr 


<q <2 


Now, by (11.161) . Cg{S>) = mini area('^o £), area(£' [3]), ..., area(£' [n])|-. In view 

1 ’ Pj + 3 y’^j Pj + n,>^j ) 

of (|4.22p . for 3 ^ /s: ^ n, 


area(£’ 


TT 


> 


TT 1 


1 

exp ( - c{a, L) p “"2 


128 " 2hQCQN]pj+2 


> 


while (j4.19l) yields area(^'_£) ^ min{^, B} with 


and B := 




^ C2C3 ^ C 2 CsNfq^ ^ C2CS 1 ,, 4 -^ 

2£^pj^^q 2Q5 " 2 gs j 

exp ^ — (n — l)c(a, L)( 2 pj+ 2 ) larger than 


C 3 


2-1 _^ 

On+l/V "“1 
j 


exp ^ — 2“-i (n — 1)c(q;, L) Nj’^ 


whence (|4.34p follows. 

The proof of Theorem iDl^ii) is now complete. 


□ 


4.3 Proof of Theorem [C] (lower bounds for wandering domains in A") 
4.3.1 Overview of the proof 

Here is the more precise statement which, as explained in Section 11.31 implies Theorem [UJ 


Theorem [O’. Let n ^ 2 be integer. Let a > 1 and L > 0 be real, and let h{r) := 
+ ••• + r^). Then there exist a positive real and a sequence {^j)j^Q of exact 
symplectic diffeomorphisms 0 /A"' which belong to if n = 2 and to if 

n ^ 3, such that each <I>j admits a wandering polydisc "Wj a A 3 and 

1 1 

e,-:= <h^)-> 0 and Cg(>^) ^ exp f — c* f—A 2 (™-i)(q i)y ( 4 . 35 ) 

j—>00 V 

The rest of Section [TS] is devoted to the proof of Theorem [Cf- 
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The idea is as follows. Each near-integrable system and wandering polydisc Wj will 
be obtained by means of Corollary 14.31 in the form 

o{FxG), ^ xy, (4.36) 

where 

G := T,-O, t := c (4.37) 

will be provided by Theorem [Pl with a suitably chosen large integer and the function g 
will be chosen so as to satisfy the synchronization conditions (14.1|) for the orbit of 
while 

F:=$^^i:AO, f ■=—U, ^ := 1T„. c A (4.38) 

stem from 

Proposition 4.6. Let 0 < p < 1/2 and let U 6 C'®’(T) be a function such that 

C/'(<x)) = —1 + X for X e [—p, p]. (4.39) 

Then there exist a real Cq > 0 such that, for each integer q ^ 1, the diffeomorphism 
o ( 4 > 2 '’ y of A admits a wandering dise Wq cz A 3 such that 

area(lT„) = —. (4.40) 

q 

We give the proof of Proposition lTOl in Section [4. 3.2 1 Then, in Section [4.3.3l we indicate 
how to choose qj and check that ‘hj and Wj have all the desired properties. 

4.3.2 Standard maps with wandering discs in A— Proof of Proposition 14.61 

To prove Proposition 14.61 we first consider the so-called “standard map” 

^ o : A O 

i.e. 

r) = {e + r,r- U \6 + r)), (0, r) e T x M. 

Since y’{9,r + 1) = y{d, r), by passing to the quotient, 5^ induces a map 5^* : T x T O. 
Our assumption on U entails that the origin ({0),<(0)) of is a fixed point of ^5^*, in a 
neighbourhood of which y* is linear: 

yy{x),{y)) = «x + y>,<-x», x 6 [-f,f], ye[-f,f]. 

The eigenvalues being e-'s, the origin is an elliptic fixed point surrounded by invariant 
ellipses. Let W* denote any invariant filled ellipse contained in the projection onto of 
X [—f, f], and let Gq := area(lT*). 

We dehne W to be the lift of W* in A which contains the point O := ((0), O). Since 
17'(0) = —1, one sees that y^{0) = (<0), k) for all k e Z, hence the orbit of W under y 
consists of pairwise disjoint filled ellipses centred at the points y^{ 0 ): 

y’^{W) = {(0},k)+W, keZ. 
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In particular, VF is a wandering disc for . 

We now obtain a wandering disc for 

:= 

for any integer q'^ 1 , by means of the scaling 

(T: (0, r) e A I—> (0, qr) e A. 

Indeed, Lemma 14.41 with h{r) = and u = 0 yields o <I> 2 ^ o a = and, with 

h = 0 and v = U, a~^ o o a = whence 

y'q = a~^ o ^ o a 

and Wq ■= a^^{W) is a wandering disc for ^q. Clearly, area(iyg) = Co/q and the proof 
of Proposition 14.61 is complete. 

1 2 

Remark 4.7. The diffeomorphism is “dynamically far” from the integrahle map $ 2 ^ . 

Indeed, T/’ cannot possess any essential invariant curve otherwise the orbit of each point 

in the complement A\^ would be contained in a single connected components of , and 

this is not the case for the orbit of (0,0). As a consequence, 5^q has no essential invariant 

1 2 

curve. However, when g —> 00 , A^q is a small perturbation of the integrable map <I> 2 '?^ . 

1 2 

This is not in contradiction with the KAM theorem: the torsion of tends to infinity 

when q ^ CO, which makes the KAM threshold tend to 0. 


4.3.3 Proof of Theorem [Cj 


Let n ^ 2 be integer. Let a > 1 and L > 0 be real. 

On the one hand. Theorem iDl yields reals c,Ci,C 2 ,Cz > 0 and a sequence in 

guch that ^ where Nj = pj.^.2 - ■ ■ Pj+n is 

arbitrarily large, and each for q arbitrary integer multiple of Nj not smaller than 
CiiVj has a g-periodic polydisc ^j^q cz A'^~^ satisfying (|1.21l) or (|1.23l) . In view of the 
localization conditions (ll.22p or (ll.24l) - (|1.25l) satisfied by the orbit of ^j^q independently 
of g, we define 


9j ■= Vpj + 2 0 • • • 0 Vpj + n 

(making use of the “bump functions” of Lemma IB.51) , so that gj satisfies the synchroniza¬ 
tion conditions ()4.ip for the orbit of ^j^q under '^j^q- 

On the other hand, choosing p := 1/6 and U 6 satisfying (j4.39ll {e.g. U{9) := 

, where x is the lift of 6 in (—|, ^]), we get from Proposition 021 a wandering 

disc Wq c A for <I> 9 ^ o (<I> 2 ^^)'^ for each integer g ^ 1. 

We take j large enough so that (I4.30p holds (thanks to the Prime Number Theorem), 
and define 

qj := M,Nq, M, := [iV,J + 1, (4.41) 


where [ ] denotes the integer part. Applying Corollary 14.31 with the data (I4.37l) - (|4.38l) . we 
obtain a wandering domain 

'^j ■= Wq. X ^j^q. 
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for the map 


:= O ($2^1 X 

If n = 2, then e ^"’^(^.5^^+-+’'"))^ hence <l>j e ^“’'^($5h?+’-i+-+^S)). If n = 3, 
then 'i’j,qj £ ,^^’^(<I>2h2-i hence <I>j 6 ^^’'^(<I)2(^i+^2-i In all cases, 

Sj ■- {“.‘($,,3.i(’-?+''2+-+’'S)) s: ||i-C/(g)@||„_t+ <5“''-(4',,„,<f3<’'2+-+’'">) s: ' 


Nf ■ 


We conclude by bounding from below the Gromov capacity of 'Wj which, according 
to (jl.lGp . is 

Cg(^) = min{area(Wg^),CG(^j,qj)}. 

We have qj ^ and, by (IB.16P and (I4.30|) . 


\\9j\\a,L ^ exp ic{a,L){p^^^ + • • ■+p^^^)] ^ exp ({n - l)c(a,L)(2pj+2)“-i ). 


Since Pj+2 ^ ean find C, c > 0 independent of j such that 


Qj ^ C exp N-'^ ^ . 


By (I4.40p . this yields 


On the other hand. 


area(W,,) ^ ^ exp ( - ) . 


Cg{& j^q.) ^ 6*3 min \ exp - cN, 


(n-l)(Q!-l) 


(4.42) 


and, again by ()4.42p . one can find C,c' > 0 independent of j such that 


q] ^ 


> C exp ( - ^ _ 


We end up with 

Cg(^) ^ niin{^,C3C",C3} exp - max{c, c , 

and thus can find c* > 0 independent of j such that p4.35p holds. 
This concludes the proof of Theorem O . 
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Appendices 

A Algebraic operations in 0'k 

For ^ e M, we denote by \l\ e Z the integral part such that [£] ^ i < [^] + 1. For all 
u = (z^i, 1 ^ 2 ) e N^, we set |i/| = 1/1 + 1 ^ 2 , d’^f = and ul = izili' 2 l. 

If P is a polynomial of the form P{z) = ^ a^z’^ then we set |[P||^ = Xi l^i^l 

i/sN^ |j^|=£n—1 

li'Isgn—1 

Lemma A.l. Assume {n,m,£, £ 1 , 12 ) e x Then the spaces of Section \3.5.1\ 
satisfy the following axioms. 

(Restriction) ffk{£-,C,T) cz ffk_i{£;C,T) n r); 

(Derivative) If f € C, t) then d°‘d^f e ~ — /3; C, r) for all (a, /3) 6 

such that a + j3 ^k; 

(Primitive) If f € ffo{£ + l;C'o,r), df e ^fc(£;C'i,r) and df e ^fc(f;C' 2 ,r) then f e 
^k+i{I + 1; C, t), with C ^ max(C'o, Ci,C 2 ); 

(Product) If f e ffk{lTiCi,T) and g e <^ 2 ; 7") then we have f g ^ 0 ‘k{£i+£ 2 ',‘l'^CiC 2 ,T); 

(Z-Product) If f e ffk{I]C,T) then zf{z) = ffk{I + ^':C{k + 

(Polynomial) If P is a polynomial of degree m and if 0 ^ n ^ m then we have P = 

+ ^k{n; {k + ir-^ \\Pl/T^,r); 

(P-product) If f{z) = P(z) + ^fc(n+1, C'/r"’+^, r) and g = Q{z) + Hkin+l^C ,t) , 
where P et Q are two polynomials of degree n, then we have 

{f9){z) = R{z) + ffk{n + l;C'7r"+\r), 

where C" ^ {k + 1)’*(||P||^ C' + \\Q\\^C) + 2^CC' + {k + ||P||^ ||Q||^ and R is a 

polynomial of degree n satisfying ||P||^ ^ 11-^7 WQWtI 

(Lipschitz) If df e ^fc(n;Ci,r) and df 6 (^fc(n;C 2 ,r) then f is Lipschitz continuous 
near zero. Furthermore, f — /(O) e ffk+i{n + with C = Cq + Ci if n = 0 

and C = max((7i,C2) if n ^ 1; 

(Composition) Assume n ^ k. If h e ^fc(n;Co,To), /e &k{m]Ci,Ti) and/(D(0, ri)) c 

k(k+l) 

D(0; To) then ho f e 0 ’k{nm; OkCoCf, ti), with ak = 2 2 ; 

(P-Composition) Assume n + 1 ^ k. If h{z) = P{z) + ^ki'n + l;C'o,r) and f{z) = 
Q{z) + ^k{n+l',Ci/p^~^^, p), where P andQ are polynomial of degreen withQ{0) = 0 
and /(B(0,/9 )) c D(0; t) then there exist a polynomial R of degree n and a constant 
Coi satisfying ||P||p ^ ll-^llnQII 

ho f{z) = R{z) + ^k{n + l;C'oi/p”+\p), 

with Coi ^ 2 ^('=+iV2Co(Ci + [k + 1)" ||Q||,)”+' + \\P\\ 2 .c,Hk+m\Q\\, ^ 
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(Taylor Expansion) Assume 0 < r] < 1 and n ^ k. If f is holomorphic on B(0,r) 
and d'^f e ilQ{0]C,T) then f{z) = T^{z) + 0‘k{n;C/{n — k)\,T), with TJ{z) = 

n—1 

£=0 

(Inverse) Assume m > k ^ 1. Then there exists two constant (3m ^ 0 and Bm ^ 0 such 
that if ^{z) = z + P(z) + C, t), where P is a polynomial of degree m — 1 and 

valuation 2 satisfying ||5-P||^ + pP||^ + Ct^~^ ^ e, with 2e + ^ 1/2, then ^ is a 

diffeomorphism from B(0, r) onto a set containing B(0, r(l — e)) such that <1>~^ is of 
the form 

= ^ + Qi^) + ^kim-,Bm£/T"^~^,T{l -e)), 

where Q is a polynomial of degree m — 1 with valuation 2 and \\Q\\^ ^ /3m£T. 

Proof. The proof of the axioms from (restriction) to (Z-product) follows directly from 

the definition or by easy inductions over k. 

• We prove the (Polynomial) axiom. Let’s write 

P{Z) = [P]^n-l + 2 


Since z and z belong to ^^(1; l,r), the (Z-product) axiom implies by an easy induction 
that z^ = IIk{W\ ',{k + 1 ) 1 '^!“^ ,r). Therefore, for e satisfying m ^ \iy\ ^ n, the 
(restriction) axiom shows that 

z" = ^fc( |z/| ; {k + l)l"l-\ r) c ^fc(n; {k + 1 )™-Vl"l-", r). 

This implies that [P]^n = Il‘k{n',{k + l)”^”^C'/r"',r), with C ^ ^ so C ^ 

\\P\\.^, and the proof of the axiom is complete. 

• We prove the (Lipschitz) axiom. Assume that df £ ^k(n; Ci,t) and df £ 0'k(n; C 2 ,t). 
This implies that 


Idf(z) ■ Zj = \df{z)z + df{z)z\ ^ {Cl + C 2 ) l^r 1^1 • 

Therefore the derivative of h is bounded by (Ci + C' 2 )r"' on B(0,r), so / extends to a 
Lipschitz-continuous function on this disc. Furthermore, we obtain that 

i/w - /(o)i ^ ^ Co , 

n + 1 

with Co = Cl + 6*2 if n = 0 and Cq = max(Ci,C 2 ) if n ^ 1. By the (primitive) axiom, 
this completes the proof of the (Lipschitz) axiom. 

• We prove the (composition) axiom by induction over k. The condition on /(B(0;ri)) 
shows that h o f is well defined on B(0;ri) and since n ^ 0, we have \ho f{z)\ ^ 
Co(Ci IzP)” = CoCf \z\^"^. Thus we obtain that ho/ e ^^{nm] agCoCf, ri), with ^ 1, 
and the axiom is proved for k = 0. 
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Assume that A: ^ 1, so dh{f) and dh{f) are in £?fc_i((n — l)m; afe-iCoC” nl that 

case the (product) axiom shows that 


d{h o /) = dh{f) • df + dh{f) • df e ^k-i{nm - 1; 2^ak-iCoC^, n), 
d{ho f) = dh{f) ■ df + dh{f) ■ df e ffk-i{nm - 1; 2^afc„iC'oC'f, ri). 


This implies that ho f e d^k{nm;akCoCf,Ti), with ^ max(ao) 2^afc_i) and the (com¬ 
position) axiom follows immediately. 

• We prove the (P-composition) axiom. We write h = P + Eq and / = Q + £i, so 
h o f = P o f + £q o f, Note that 1 e ^fc(0; l,p), so the Z-product axiom shows that 
z'^ = ; {k + p) for i' e N^. Now we write 


Q{z)= 2 2 + 

= 2 mak + it\\b,\p\'^\-\p) 




— 1 ; (^ + 1 ) 


Q\\ 


n 


Thus we obtain that f{z) = 
that 


and the (composition) axiom implies 


eo o fiz) = ^k(^n + 1;2 ^ 2 ^ Co(^ 


k(k + l) f {k + 1)” WQWp + Cl 


p 


n+1 


Now we estimate P o f. 

For 1 ^ j ^ ^ n we have = ^k{0', {k + l)”-^ \QVp ,p), so 


(A.l) 


e-i 


/ = (Q + £o)^ = Q^+2(j)QVo-^' 


j=0 


((£ _ + 1); (^{k + 1)" ligil, y ( 


pu+ij 


t-i 


( n + 1; 

i=o 



+ 1 )- \\Qiy{2'^ciy-^/p^+\p 


We can decompose + [g^]>n in its part of degree n and its part of valuation 

n -I- 1. Since [Q^]>n e ^k{n + l;{k + \\[Q^]>n\\ p / P^'^'Y and ||g^||^ ^ ligilp) h follows 

that 

f = [Q%n + ^k(n + 1; {{k + ir WQWp + 2'^Ciy/p^+\py 
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so 


Now we write P{z) = ^ and we note that || [Q^Jsgnllp ^ (IIQIIp)^^^ 

\iy\^n 


Pof=Y, a,[Q’^Un 



((fc + inig||^ + 2"Ci)'"' 

pn+l 


- R + ^k[n + l; ||P||(fc+i)n||Q||^+ 2 ''C'i 

with i? = ^ and \\R\\p^ ^ I«j^I (IIQIIp)''"' = II-PIIhqh^ • 


This with (jA.ip implies the (P-composition) axiom. 

• The (Taylor expansion) axiom directly follows from the Taylor expansion theorem, which 
shows that 

n-i-j ^ 

e=o 


p-j 




(n - j)! 


C. 


• The proof of the (inverse) axiom proceeds in several steps. We first prove the existence 
of the diffeomorphism, then we estimate its derivatives. 

Existence of Assume that |tc| ^ t(1 — e) and set (pwiz) = w — $(.?) + 2 ;. This 

implies that ||d(/?^(z)j| ^ ||5P||^ + + 2C'r™“^ ^ 2e ^ 1/2 and \(py^{z)\ ^ |t(;| + Ct^ ^ 

|t(;| + er ^ r on D(0,r). Therefore (pw ■ D(0,r) ^ D(0,r) is (2e)-Lipschitz. By Picard’s 
theorem, it follows that the equation p>w{z) = z, so $( 2 ) = w, has an unique solution 
2 ; e B(0,r) if tc e D(0, t(1 — e)). Thus 0(0, t(1 — e)) lies in $(0(0,r)), so is a 
diffeomorphism from 0(0, r(l — e)) into 0(0, r). 

We now prove by induction over k ^ 0 the existence of a constant /3k,m and of Q such that 
such that $“^( 2 ) = z + Q(z) + ^fc(m; I3k,m^/T"^~^, t{1 — e)). We set $o('2^) = ‘^’(• 2 ) — z = 
w — z, $(rc) = $“^(rc) = 2 and ^o{w) = $(tc) — w. 

The boot strapping eqnation. We write the derivatives of $ o $( 2 ) = 2 as 

1 = (d$) o $ • d$ + (d$) o $ • d$, 

0 = (d$) o $ • d$ + (d$) o $ • 

Therefore we have 

\ dil J V ^’^0 l+d'to J \ 0 J J($) 

where J($) = |1 + 5$o|^ — 15*^01^ = 1 + 2Re (d$o) + — P‘ho|^. 

We now estimate the right hand side of Equation (jA.2p . First we observe that d$o 
and d$o are bounded on 0(0; r) by j|5P|Y + Ct^~^ and ||dP||^ + respectively, so 

they both lie in ^o(0;e,r). It follows that 

T($) = 1 + ^q(0]2e + e^,T) cz 1 + ^o(Oil/2;'r). 


1 +_d$o 

-d$n 


(A.2) 
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We have 5<ho = SP + — 1;C,t) and d<ho = so the {P- 

product) shows that 

|d^>o|^ = Po + - 1; - |d$o|^ = Pi + - 1; 

with ||Pot ^ llPill, ^ ||dP||^ , 

Co ^ 2k^-^CT^-^ \\dP\\^ + \\dP\\l, 

and C'n ^ 2k^-^CT^-^ \\dP\\ + \\dpf . 

u II Hr II Hr 

Therefore the polynomial Jq = 2Re (dP) + Pq — Pi has degree m — 2 and satisfies 

J(<h) = 1 +Jo + ^fc_i(m-l;C7r™-\r), 
with II Jo|7 ^ 2 ||dP|7 + I7-P||^ + ||^-P||^ ^ 2 ||dP|7 + 
and C' ^ 2Cr™-^ + Cq + ^ 2Ct^-^ + 

Here we have 


^ Co + 

^ 2k^-^CT^-W\dP\\^ + pp||j + 2^CV”^-2 + k^^-^{\\dP\\l + \\dP\\l) 
^ ( ||dP|7 + j|dP|7 ) + 

^ max (27 A:2™-2) e7 

Now we estimate 1/J(<h). The (Taylor expansion) axiom shows that 


m—2 


l + z 


2 (_1)V + ^k-i(m - 1; 2^{m - l)!/(m - k)\, 1/2). 


r=o 


Therefore the (P-composition) axiom applied to (1 + z) ^ — 1 and J(<h) — 1 shows that 
there exist a polynomial Ji of degree m — 2 and a constant C" such that 


1/J(<h) = 1 + Ji + (^fc_i(m — l;C"/r™ ^,r),with 

m—2 

Ji|7 ^ 2 WMlt ^ 2 II Jo|7 ^ 2(2e + e^) and 


r=i 


m—2 


c" —^(C' + A:”^-2||Jo|7)”' V ^ (2^"^C'+ A: 


m—2 


{m — k)\ 


r=i 


< 


2^%^2™(m-1)!A:(”^-2 )(”^-i) ^ (C'+||Jo|7)^ 


m—1 


£=l 


Note that C + || Jol7 ^ 2Ct^-^ + C'^ + 2 ||dP|7 + ^ 2e + max(27 1 + k‘^^-‘^) if 

k ^ 2 then C + || Jollr ^ A:^™“^(e + e^). If m > A: = 1 then C + || Jo|7 ^ 2(e + e^). It 
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follows in both cases that 


C” ^ + e^) 

^ 2"^(m - l)!m(“)(—1)(£ + 

^ DmE, with Drn = - 1 ). 

If we set Qo = >^1 + SP + [Ji5P]^m-2 and Qi = —dP — [JidP]^m -2 then the estimates 
above, the (P-product) axiom and Equation (IA.2p imply that 

o $ = 1 + Qq{z) + ^k-i{m - l;P^e/r™“\T), (A.3) 

(d'l/) o $ = Qi(z) + - 1 ; DlelT^-\T), (A.4) 

where ||Qo|It- ^ ll>^i|lr + \\^P\\t + ll'^illr Il^-Pllr ^ 2(2e + e^) + e + 2e{2e + e^) ^ and 
IIQlll^ ^ ^ ^ ll^-^llr ^ have 

D'^e ^ Ct'^-^ + C + 2 ^-^C''Ct^-^ 

+ A:™-2( ||dP||^C" + Ct'^-^ II Jit) + \\dPl || Jit 

^ e + DmS + 2^-^Dme^ + k’^-’^DmS^ + A:2(™-2)2e(2e + 

^ ((1 + D^ + A:2(—2)) + P^(2^-i + k^-^)lA)£, 

D'^e ^ Ct^-^ + 2 ^-^Ct^-^C" 

+ A:”*-2(|tP||^C" + ||Jit(Jr™-t + /t2(«^-2) llJill^ pP||^ 

^ e + 2^-^Pme2 + k^-^Dm£^ + k^^^-^he{ 2 e + e^). 

Therefore we may take 

Pt = = 1 + m2(™-2) + P^(l + (2—1 + m—2)/4). 


Computation of /3ni and P^- We have 

\z — w\ = |<ho( 2 ;)| ^ (||JPt + ll^J’llr J 2C''r”*~^) t| ^ 2e t| , so (1 — 2 s) \z\ ^ |ti>|. 

It follows that |'I'(rt;) — w\ = \z — w\ ^ 2^ t| ^ 2e(l — 2e)“i |t(;| ^ 4£\w\. Therefore we 
have |4'(t(;)| ^ (1 + 4e) |r(;| ^ ‘4\w\. Furthermore, Equations ()A.3p and (IA.4p imply that 

( (d4>)oT = 1 + (^o(l; (IIQot + 

1 (j$)oT =^o(l;(||Qit + ^tt/T,r). 

Thus we obtain that 

[ = 1 + ^o(l; (1 + 4e)(||Qot +(1 “ > 

\ = ^o(l;(l + 4e)(||Qlt + -Dtt/p(l-tt■ 

This with the (Lipschitz) axiom implies that 

4> i(z) = z + ^i(2; Bq£,t(1 — e)), with Bq = (1 + 4e)(||(5ot t + ^m) ^ 13 + 2Pt- 
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Now we set = 0. Given — 1, we assume that there exist ^ 0, ^ 0 

and a polynomial of degree £ — 1 and valuation 2 satisfying \\qe\\^ ^ = 

z + qi{z) + ^min(£-i,A:) (■^;“ ^)'^) • Note that Equations (IA.3I) and (IA.4h . the 
(polynomial) and (restriction) axioms imply that 

( (a^-) O 4> = 1 + [Qo]s:£ + (min(/i;, f)^"! HQoll^ + D'^£)lr^,'r), 

\ (d4')o4> = [Qi]s:£ + (min(/c,£)^-^ lIQollr +-D((,e)/r^r). 

The (P-composition) axiom and Equations (|A.3p and (IA.4D imply that there exist Cqi ^ 0 
and Cu ^ 0, two polynomials Rqi and Ru of degree f — 1 satisfying 

[ = ^ + Rm + ^rain{l,k)-l{^\CQii/T^^{1 — £)t)^ 

\ dT = Pi£ + ^min(t,fc)-l(^;C'l^/T^(l - e)r), 

with \\Roe\\r ^ ||Qo|lr+||g,|j^ ^ (1 +IIQollr ^ £ and llPi^ll^ ^ 

||Qi||^+|[g,||^ ^ 2(1 + (3^/A)^-^e, and where 


^ ^(<-i) min(fcTr ^ WQoWr + D'm^ r T^e ■ n ii n 

Coe^2 2 -- rr^{B^^£T + min{k,£Y Gr + ||®||^)) 

T II Il2™in(*:!^)—lB^r£+min(A;/)^“l(r+||(j'£||^) 

^ 2^^(f min(A:,£)^"^ + T)(„) (P^e + min(A:, £)^"^(1 +/3ie))^e 

+ + mmik,iY-\l + /S^e)) ||Qot 

^ R'oe^ 

with c;, = 2^ (f min{k,iY-^ + D^) {Bi/A + min(fe, £)^-i(l + /3i/4))' 

+ f f2”i“(^’')-ipi/4 + mm{k,iY-Hl + pi/A) 


In a similar way, we obtain that Cu ^ C^e, with 

Ci = 2^ (2min(A;,£)^-i + D'i) {Bi/A + min(A:, £)^-i(l + f3i/A)Y 
+ 2 (^2”“(^’^)-ipi/4 + min(fe, (1 + ^i/A)^ . 


Let apply the (Lispschitz) axiom to '^{z) — q^+i{z), where q^+i denotes the polynomial of 
degree I and valuation 2 such that dq^j^i = Rqi and dqi+i = Ru- We obtain that 

A/{z) = z + qe+i{z) + ^min(£,fc) max(Co£, Cxi/ri (1 - e)r). 

Since ||g£+i||^ ^ (UPo^llr + ll-^idlr K’ we may set = (2 + ^)(l + / 3 ^/ 4)™"2 ^nd = 
max(CQ^, G^^). This proves the (inverse) axiom by induction over m, with j3m = /3m and 
P = n 

We have also used the following properties of the space Since the proofs follow 
easily from the definitions and are very similar to those of the spaces ^k, we omit them. 
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Lemma A.2. Assume (A:,m,n,£i,£ 2 ) e x Then the spaces satisfy the fol¬ 
lowing axioms. 

(T-Derivative) If p ^ ^J{i]C,T) then dfldgp e — a;C,T) for all {a, (I) e 

such that a (I ^ k; 

(T-Primitive) If p e ^q(£ + l;C'o,r), drP e ^J(£;C'i,r) and dep e ^J(£;C' 2 ,r) then we 
have p G + 1; C*, t), with C ^ max(C'o, Ci, C 2 ); 

(T-Product) If p ^ ^J(£i;C'i,r) and g e (^ 2 ; (^ 2 , t) then we have pq e ^ki^i + 
£2;2^CiC2,r); 

(T-Composition) Assume n k, p > 0 and r > 0. Let f : ©(O,/?) ^ C and p : 
(0; r] xT ^ C satisfy p{{0; r] xT) D(0, p), f{z) = ffk{n] C, p) andp = ^1{£] Ci,t). 

rrn fc{fc+l) 

Then we have f op(r, 9) = ^J(n£;2 2 CCf,T). 
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B Estimates on Gevrey maps 

We begin with preliminaries on the composition of Gevrey functions (Section IB.ip and the 
flow of a Gevrey near-integrable Hamiltonian (Section [B^, then we prove Proposition II.71 
in Section IB.31 In all this part we omit the index a in the Gevrey norms, writing for 
instance || • instead of || • ||^ ^ 

We end Appendix [B] with a reminder of a result on Gevrey “bump” functions proved 
in [MS04] (Section |B3]), used in Section [32] as well as in Sections 14.21 and I4.3.31 


B.l Reminder on Gevrey maps and their composition 

Let n ^ 1, L,R > 0, and tp e G“’^(A^). We first recall the analogue of the Cauchy 
inequalities for the Gevrey norms (11.41) : if 0 < A < L, then all the partial derivatives of (p 
belong to G“’^(A^) and, for each k e N, 


(Lemma A.2 from |MSn3j l. 

To state the result on composition, we introduce a new notation: 


(B.l) 


(B.2) 


so that \\p\\i^ = ||<7’|Ic'0(a^) + Then, Proposition A.l of |MSn3j yields 

Proposition B.l. Let n ^ 1, R, Rq > 0, A, L > 0, and consider a map cj): A^ —> A^^, 
the 2n components of which belong to G“’^(A^) and satisfy 

. . . , A:«(</>2n) ^ (B.3) 

Then, for any Y e we have Y o (j) e G"’^(A^) and ||y o (/>||^^ ^ 11^11^^^. 

When testing inequalities (|B.3p to apply this result, the following may be useful: 
Lemma B.2. Let n ^ 1 and R> t). Suppose 0 < A < L and p e Then 

J bllL^fi. (B.4) 

Proof Bounding by the sum %+m)!^ II^^^'^"'V|Ico(a^) over all multi¬ 
indices /u,m with |;u| = 1 and using (p + m)! ^ ml, we get ^ i? 

we conclude by (IB.II) . □ 

^In fact, the first n components are of the form (p: —> T and, for them, what we mean is that there 

is a lift (p: R" x Bn —► R such that ipiF" e with := [—1,1]"' x Br; observe that 

stays well-defined. 
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B.2 A lemma on the flow of a Gevrey near-integrable Hamiltonian 
Lemma B.3. Let n ^ 1, a ^ 1, L, Rq > 0, and h 6 Let R,A be such that 

0<R<R„. + (B.5) 

Then there exist eq^C > Q such that, for any u e with H'uH^.Rq < o-iT-d any 

t e [0,1], the time-t map ^ A^^ is well-defined and satisfies 

ll|-l>‘('“+“)-‘l,"“lllA,R<C||u||t_„, (B.6) 

(with the notation (jl.6p ). The numbers Eq and C can he chosen as depending on h only 
through ||/i||^KQ and being respectively decreasing and increasing functions of this quantity. 

Remark B.4. In fact |||4>*(^+“) —^ all t e [0,1] (as can be seen 

by applying (IB.6D to th and tu themselves). 

Proof, a) Let n,a, L, Rq, R, A be as in the hypothesis, let h e G“’^(Rho)- We set 

L' := K := max{2 • 2^-{L - A)-2“||L||^ l}. (B.7) 

Let u e G"’^(A^^) and e := ||tt||A_Ro- We shall work in the phase space M** x 
denoting the variables by 

X = {6;r) = {8i,...,9n-,ri,...,rn) = {xi,... ,X2n)- 

We can consider that h and h + u generate Hamiltonian vector fields and which 

are defined on R”’ x Br^ and 1-periodic in each of the first n variables. The flow of Xh is 

¥'^[e-r) = [9 + tVh[r)-r). (B.8) 

It is Z”-equivariant, in the sense that + £; r) = r) + [t, 0) for any I e TP. We 

shall study the flow over the time-interval [0,1] of the vector field 

= (VL(r) + vWu(0;r);-VMu(0;r)), (0;r) e R’^ x (B.9) 

as the solution of a fixed-point equation in a complete metric space for which the contrac¬ 
tion principle applies. We shall find a unique solution 

^t{h+u) . ^ ]^n ^ ^ g |-Q^ 

which is a Z^-equivariant lift to R” x B^^ of the flow of in A^^. 

b) Let V := (G"’^(A^))”. For any fi e V, we write 

fi = UWv ■= IIV'l|lA,iJ + -- - + Wi’nh^R- 

Let W := V X V. For any rj e W, we write 

V= = (r/i,...,ry„;ry„+i,...,ry2n), \\v\\w ■= 
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Let E := C°([0,1], VL). For any ^ € E, we set 

UWe ■= max ||^(i)llw^- 

ts[0,l] 

We get a Banach space {E, IHIg). 

Let us denote by if the “unperturbed” flow over [0,1], i.e. 

(fit) := t e [0,1] 

defined by (IB.Sp . For every ^ e E and t e [0,1], (p{t) + ^{t) can be considered as a 
Z”-equivariant map M"' x Be ^ M” x M”' (identifying functions on with functions on 
X Be which are 1-periodic in the first n variables). We thus can view 

ip + E:={(p + ^\ ^eE} 

as a complete metric space (with the distance dist((^ + + ?*) •= ||C* “ ?IIe) where the 

flow is to be found. More specifically, we restrict ourselves to the closed ball 

^p-= {^ + ^\ IICIIe ^ p}, 

with 


2"+ie 

(L-A)“’ 


s <eo 


jL-AY 

20+1 


min |i?o ~ R, 13, 


22“ AT J 


(B.IO) 


T'a , . 

by (|B.5h because L — A> L/2). Observe that 


(the positiveness of /3 is ensured 


p ^ min{i?o — R, /3}. 


(B.ll) 


c) The flow 'l'(t) = that we are searching is characterised by 'I'(O) = Id and 

^{t) = Xh+u or 

T(t)=Id+ r o T (r) dr. 

Jo 

Let us first check that, with our choice of /?, the formula 

E{^){t):=ld+C Xh+uO^{T)dT, t6[0,l] (B.12) 

Jo 

defines a functional E: SSp —> </? + A. 

Assume T = ^ e In view of (IB.9h . the components of Xh+u belong to 

G"’^'(A^^). We thus only need to check that, for each r 6 [0,1], 'l'(r) maps A^ in A^^ 
and its components satisfy (r)) ^ L'“/(2n)““^ so as to apply Proposition IB. 11 

The first condition is met because 'kW(r) = r + ^M(T) and the components of ^[”](r) = 
(?n+i('r), ... ,6^(1-)) satisfy 

2n 

II'^j('^)IIco(Ah) ^ ^ ll?ll_E ^ ^ [Rq — R) 

j=n+l 
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by (|B.11I) . The second condition is met because, for any 1 ^ j ^ 2n, on the one hand 
^ ^ P-: 8'^'^ ™ the other hand ji{^j{'r)) = A" for j ^ n + 1, 

while for j ^ n, by ()B.4p and (IB.lh . 



^ A“ + 


A“ 

{U - A)" 


dh 

drj 


^ A“(1 + 22“(L-A)-2“ 

L',R 



L'“ 

(2n)“-i 


13, 


which is ^ (2^^ - P by p.lip . 

d) Let us now check that T{SSp) a For T = (/? + ^ e SSp^ we write = (f + rj and 

observe that, in view of (IB.8h and (IB.9p . for each t e [0,1], 


with 





+ o T(r)) dr, 


r/W(t) 



V[®]uoT(t) 


dr 


g{T){e-,r) := V/i(r + ^W(r)(6l; r)) - V/i(r), re [0,1]. 


We already checked that Proposition IB.II applies to ^ o 'I'(t) and ^ o 4'(r). It yields 

for 1 ^ j ^ 2n, r e [0,1] 


du . , 


du 


A,R 

dxj 


L',Rq 


whence 

2“e 

L',Ro 

(by (IB.ip . recalling that = £)• If 1 ^ i ^ n, we can also apply Proposition IB.II to 

gi{r) = J + sX''Xt)) ds,X''XT)^ , 

^2 I 

whence ||ffi(r)||A,ij ^ Ii”=illaf^ll 


wX'Xt) - gmv + 


V 


< 


Z 


du 


dXn 


\\9{r)\\v 



d‘^h 

dridvj 


L',Ro 


ll^n+,(r)|| 


A,R 




“^^"^WdllL^RoP 

{L - A)2« 


by (IB.II) . Therefore, recalling that K ^ 1, we get 


;l|kW(t)llA,H+ll-7MWIlA,HS 


‘^^°‘\\d\\L,RoP 
K{L - A)2« 


2"e 

{L - A)" 


Both summands are ^ p/2, by our choices of K and Eq, (IB.7P and (IB.lOp . whence ||??||^ ^ p 
and J'('I') e ^p as desired. 
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e) Similar computations show that T induces a contraction on Let 'L = (^ + ^, 'L = 
(/9 + ^ 6 and = ip + rj, = (p + fj. We get 

= r (G(t) + C/[^](r)) dr, = ~ f dr, 

Jo Jo 

with 


Gi{r) = + (^)) " ^ i = 

o ^(r) - ^— o ^'(t), j = 1,..., 2n 

Gd^j^ri 

(where j + n stands for j + n if j ^ n, for j — n else). We obtain 


^l|G(r)||,.«L|;(2 


K 


j=l ^i=l 


d^h 


dridrj 


^ ll?n+i('^) Cn+j('r) ||a,_r ^ "^oll? ^IIe) 

L',Ro/ 


with Ao := 


K(L - A)^° == 2’ 


/ 2n 

i V 

d'^u 

V ^ 

dxidxj+n 


L',Ro 


IlfiC-r) -6('r)|lA R 


< 


23ag. 


(L - A)^" le, 


i;ii«‘M-{*o)iia.r«-'i||{-«iie. 


with Ai := 


2 ^^£qK 
(L - A)2“ 


< — by (IB.lOp . whence the contraction property 


11^7-^lU ^ (Ao + Ai)||^-^||£; 


with Ao + Ai < 1. 

f) Finally, we get a unique fixed point 'L e ^p for the functional J-, which encodes the 
flow of Xh+u- The difference A(t) := 'l'(t) — ip{t), when viewed as a map ^ is a 
lift of the difference of flows and 


2n. oa+l ip 


□ 


95 




















B.3 Proof of Proposition 11.71 

Let n,a,L,R,RQ > 0 and h be as in the hypothesis of Proposition 11.71 Let R' := . 

Lemma lB.31 yields eo, A, > 0 such that A ^ L/2 and, for any u e G"’^(A"'), 

ll-llfca. < ^0 ^ 111®'’+" - Ill®" - WIIIa,^ < C.||a||i„, (B.13) 

where : M”- x R” —> R” x R” are the lifts of obtained by flowing along 

the lifts to R”’ x R” of the corresponding vector helds (which are complete in this case) 
and lll^lllyY R' •= II'/’iIIa r' + ■ ■ ■ + ll'/’2n|lA r' ^ 4>'- 1^"' ^ ^ ^ We set 

. ( Rq- R A I 

:= 2"^(2n)-'^(l + 2^“L-2“||/i||^^^)"-A. 

Let m ^ 1 and 'L e be such that < e*- Let e be such that 

We shall prove that there is a lift —> R” x R'^ of 'L — such that 111^|11^ C'=i=e, 

which is sufficient to prove the proposition. 

Let us choose uq; • • • j Um e G“’^(A"') such that 'I' = o • • • o <I>“i o and 

II'“o|Il,oo + II'“iIIl,oo + • • • + ll'“m|lL,oo < 

We observe that the formulae 

^[0] ^h+uo _ ^L+i] ^[i] _ Id) o (d>^ + (B.14) 

inductively define , • • •, ■ A” ^ R"" x R"" so that is a lift of 'h — <1^. It is 

thus sufficient to check that 


^ <^*(II^o|Il,oo + II«iIIl,oo + ••• + \Wj\\L,ao) (B-15) 

for 0 ^ j ^ m. 

In view of (IB.Iip . inequality (|B.15h holds for j = 0 by (IB.lip , because ||uo|Il oo ^ ^ 
and < K, R < R'. 

Assume that (IB. 151) holds for a eiven i < m. We observe that |||$“-^ - IdllU R/ 

(7* ||uj+i||^ OP by (IB.131) . because ||uj+i||^gp ^ e < Eq. We can apply Proposition IB. II to 
check that the components of ($“j+i — Id) o + ^W) belong to and bound 

their norms, because the inequality 
2N 

2 ll#llco(A^) ^ llle“lllL„R ^C,e<Ro-R 


ensures that <I>^ + maps A^ in A^^, and, for 1 ^ ^ n, both L" + r{§^) + 


^*+^Ll,R{^nii) are ^ + +111^^1(applying dEJ 

between L* and ^nd (IB.ip between ^nd L), which is ^ 2 ( 2 n)°°-^ +(7=|,£ < 

We thus ge^||(^“^+i - Id) o(d>'^ + ^[j])|||^^^^ -Id|||A,R' ^ which 


implies (IB.ISP for the index j + 1 by virtue of (|B.14D . 
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B.4 Gevrey bump fuctions 

We call “bump function” a function on T which vanishes identically outside a given inter¬ 
val I and whose value is 1 at each point of a given subinterval of I (so this is in fact a 
“flat-top bump function”). Of course, such a function can only exist in a non-quasianalytic 
functional space. 

Dealing with Gevrey functions on T, we use the notation (12.11) and quote without proof 
Lemma 3.3 of [MS04] on the existence of Gevrey bump functions on T: 

Lemma B.5. Let a > 1 and L > 0. Then there exists a real c{a,L) > 0 sueh that, for 
each real p > 2, the space G'“’^(T) contains a function rjp which satisfies 

^ = ^ vpm) = o 

Ip Ip p p 

and 

\\'hp\\a,L ^ P^)- (B.16) 

The proof can be found in |MS04[ p. 1633]. 



Notice that, intuitively, higher values of p must produce a larger norm, since the graph 
gets steeper between ^ and ^ for instance, which makes the derivatives reach higher and 
higher values. In fact, one can prove that an exponential bound such as (|B.16p is optimal. 
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C Generating functions for exact symplectic maps 


In this appendix we fix n ^ 1 integer and review the classical formalism of generating 
functions of mixed sets of variables to define exact symplectic local diffeomorphisms of A"". 

The coordinates in T”xM"' will be denoted indifferently {6, r), or ( 6 * 1 ,..., On, ri,..., Vn), 
or simply (xi,... ,X 2 n)- For instance, the Liouville 1-form which gives rise to the exact 
symplectic structure on x can be written 


A = ^ ri d0j = ^ Xn+i dxi 


We denote the partial gradient operators by 


VW ;= : , := 


and view d^^ ;= (di • • • dn) and d^] ;= [dn+i ■ ■ ■ d 2 n) as matrix-valued differential opera¬ 
tors acting on vector-valued functions. 

Recall that {•): ^ T” denotes the canonical projection. 

Lemma C.l. Let fl, fl' c T" x M" be open, and denote by ^ and O' their lifts in M” x M". 
Suppose that A e C'*(0') satisfies the property: 

The map ( 6 , r') ^ [9, r) = {9, r -I- V'd^A[9, r')) is a diffeomorphism from O' onto O. 

(C.2) 

Denote by the seeond group of components of the inverse diffeomorphism, so that, for 
each {9, r) e 0, 


r' = FP](0,r) 


( 0 ,r') G 0 ' and vW5(0,r') = r, 


where 


S{9,r')-.= ^9,r[ + A{9,r'), (0,r')eO'. 


Define FW(0,r) -.= 9 + VP]A(0,F[2](0,r)) e for [9,r) e O, so that 

0' = FW(0,r) ^ VP]5(0,r') = 0'. (C.5) 

Then F = (fW,fP]) : O — > M"" X R” is 6*°° and induces an exact symplectic local 
diffeomorphism : O —> hT. The inverse Jacobian matrix of o,t an 

arbitrary point (0,r) e O is a block matrix „ , with 

^ m 2-2 J 

= (1^ + dWvPU)-^ M^’2 _ ^ dWv[2]A)”M[2]v[^U, (C.6) 

where the partial derivatives of A are evaluated at {9,r') = [9, F^^\9, r)). 
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We shall see in the course of the proof that 


- A = dS, 


where S e C'°°(r2) is defined by 

n 

S(0,r) := S(0,FP](0,r)), E(0,r') := Y,r'^n+^A{9,r') - A{e,r'). (C.7) 

i^l 

By abuse of language, we will call any function A satisfying (IC.2P a generating function 
for Q' (although it is the function S{6,r') that is usually called generating function). 

Remark C.2. It is easy to check that, if F = then the set of all possible generating 
functions of F coincide with the set of all functions 

n 

{e,r')^ A{e,r')+ c+Y,^iri, c e M, 

Proof of Lemma \C.l\ The Jacobian matrix of the diffeomorphism mentioned in (|C.2I) can 
be written as the block matrix 

/in ° ^ 

\dWvW5(0,r') dP]vW5(0,r')/ ' 

The hypothesis entails that the matrix d^^ r') is invertible for each {9,r') e O'; 

notice that its transpose is dWr'). 

The definition (jC.jp of the map shows that it is C® on 0, with 

dWyW^ + dPlyWS • d^FP] = O, dP^V^S • dP^FP] = 1„, 

where it is understood that the partial derivatives of FP] are evaluated on (0, r) and those 
of S on {9,r') = (0,FP](0,r)). Moreover, FP] can be equally viewed as a (7°° function 
on O (it is Z"'-periodic in 9 because VP^S is). By (jC.Sh . FP] is (7°° on 0 and 

= dWvP^S’ + dP^VP^S’-dWFP], dP^FP] = dP^VP^S" • dP^FP/ 

We have FP] {9+i, r) = FP](0, r)+i for all i e IP, thus F induces a C® map '■ Al —>■ AP- 

/dPlFP] dP]FP]\ 

A bit of calculus shows that the Jacobian matrix of F, which is , ^ ^ ^ r n B 

—’ I dP] fP] dP] fP ]) 

has the inverse 

f In 0 \ /dWvP]^ 0 yVl" -dP]vP]5\ 

ydWyWs dP]vP]sj y 0 dWvM^j ^0 dP]vP]5 j ’ 

so F and hence I^a are local diffeomorphisms, and (IC.6P is proved. 

Let us denote by Fi,..., F 2 n the components of F, so that (IC.jp and (IC.5p entail 

{diS){9,F^‘^\9,r))=n, {dn+iS){9,F^^\9,r))=Fi{9,r), (C.8) 
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for {9, r) 6 O and i = 1,... ,n, and F*A = ^n+i d-Fi- Let us define S e by 

S{9,r) := 5(0,FP](0,r)). Applying the chain rule and inserting (jC.Sp . we get 


n+2 


d5 = {9, fP] {9, r)) d9, + Y,i^n+iS) {9, F^l {9, r)) dF, 

2—1 2^1 
n n / ‘^ 

= 2 F + 2 F^i^, r) dFn+i = A - F=^A + d( 2 Fn+iFi ). 


2=1 


2=1 


2=1 


Thus F*A — A = dx, with 


Xi9, r) := 2 Fn+iiO, r)F,(0, r) - §{9, r) 

2=1 

n 

= Y,Fn+^{e,T){^n+^S){9,F\-^X9,r)) - S{9,F\-^X9,r)) 


2=1 

= x{e,F^‘^\9,r)), 

where x(^tO = Y4i=iFi{dn+iS){9,r') — S{9,r'). Inserting (jC.dh . we see that x e C“(^) 
is Z^-periodic in 9 and induces the function S e C°°(n) defined by (|C.7p . □ 

Lemma C.3. Let 12 c A" he open and connected. Let F: 12 ^ T” x M"" be an exaet 
symplectic C® local diffeomorphism of the form 

F{9,r) = (0 + </(0,r)>,FP](0,r)), (0,r)6f2, 

where /, e C°°(f2,M"'). Assume that the map 

i9,r)^{9,r') = {9,F^^\9,r)) (C.9) 

is a -diffeormorphism from f2 onto an open set Ll' a A”. 

Then there exists a generating function A e for 12 such that F = It can 

be obtained as follows: let f2' ^ 12 denote the inverse of the diffeomorphism ()C.9h and 
set 

n n 

/3 := 2 {.^n+^{e, r') - r[) d9, + ^ ° ^') (CTO) 

2=1 2=1 

then f is an exact C® 1-form on LI' and any A e such that f = dA satisfies 

F = ,^a. 


Proof. The 1-form /? can be written as 


/3 = <i>=^(A-F=^A) + d(^2rK/,o<I.)^ 


(C.ll) 


because <I>W(0,r') = 9 entails <h*A = Yji=i d’n+id^j and Fo<I>(0,r') s (<0-|-/o$(0,r')),r') 
entails <h*(F*A) = (F o $)*A = + fi o <I>). Since F is exact symplectic, the 

1-form F*A — A is exact, and the formula (IC.lip shows that /3 is thus exact too. 
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Pick any A e C°^(fl') such that P = dA. In view of (jC.lOp . the map {9,r') i—> 
{6,r' + A{6,r')'^ coincides with <h and is thus a C” diffeomorphism fl' Q, hence A 

is a generating function for 17. We have = (^0, , r)'^ and, again thanks 

to (irnm . 9 + V^^^A{9,F^^\9,r)) =9 + f{9,r), therefore ^a = F. □ 
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D Proof of Lemma 12.5 


D.l Set-up 

Let us give ourselves an integer n ^ 1, reals a ^ 1, i?, > 0 such that R < Rq, and 

a function rj e 1]). We assume that i] is not identically zero (otherwise there is 

nothing to be proved). We set 


1 . (Ro- R ) 

\\vL,Lo ^ 2 ’2«+i(2n + l)“-iJ’ 

I .=_ ^0 _ 

(2“+i(2n + 

Given 'll; = ('i/ii,..., 'il^n) e M"') such that 

n 

^ ■= '^\\'^i\\a,Lo,Ro ^ 
i^l 

we define for each t e [0,1] a (7°° map 

: {d, r) e ^ {9, r') = {9, r + 71^(9, r)) e A”. 


(D.l) 

(D.2) 


(D.3) 


(D.4) 


Our aim is to prove that 4'^ induces a C® diffeomorphism from ¥"■ x onto its image 
to check that A^ c and to study the inverse map. 


D.2 Diffeomorphism property 

Let t e [0,1]. The Jacobian matrix of at an arbitrary {9,r) e A^^ is the block matrix 
^ ^ + A^j’ ^ r]{t)d^^^'ijj{9,r) and N := 7/(t)dP]'0(0,r), with the notations 

of Appendix O 

The matrix norm of N subordinate to the Euclidean structure of M”" is ^ 7 ^nl-^*dl’ 

and Nij = r]{t)dn+j'il>i{9,r), thus this matrix norm is less than 1 by (|D.ip and (jp.sp (be¬ 


cause . 




= Ln 


) and 


is invertible. Therefore, by the Implicit Function Theorem, is a (7°° local 
diffeomorphism on A^^. 

Suppose that {9,r) and (0*,r*) have the same image by Then 9* = 9 and 


r — r = — 


r]{t)['ijj{9,r*) —'4>{9,r)) =—'q{t) f d^‘^^'il;[9,{l — s)r + sr* ){r* — r) ds, 

Jo 


whence ||r* — r|| < ||r* — r|| by the above remark on the matrix norm of thus 

r* = r. Therefore, Tt is injective on and induces a (7® diffeomorphism from ¥”■ x 
onto an open subset Q-t of A”. 
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D.3 Study of the inverse map 

We can write = {9,r' + x{0,r',t)), with y = (xi,...,yn) and yj(-, •,t) 6 

for each i. Given {9,r',t) e A"' x [0,1], the point {9,r') belongs to fit if and only 
if there exists u e M" such that r' + u e and 

u = —ri{t)'ij){9, r' + u). 


This vector u is then unique and is x(0,r',t). We must prove that fit, that the 

restriction of the functions Xi to [0; 1] belong to x [0,1]), and that their 

Gevrey norms satisfy (12.91) . All this follows from 

Sub-Lemma. Consider the Banach space V := (G"’^(A^ x [0,1]))”, with the norm 

\Mv ■= \\Ma,L,R + ■■■ + \\Un\\a,L,R for U = (ui,...,U„) 6 V. 

Let := {u e V \ ||n||y ^ ^ll^lla Lq }• Then, for any u e SS, the formula 

v{9, r', f) := —rj{t)'if{^9, r' + u{9, r', t)) (D-5) 

makes sense for all {9,r',t) e A^ x [0,1] and defines a vector-valued function v = F{u), 
which belongs to . Moreover, the functional T ■. SS ^ SS satisfies 

||.F(u=') -.A(u)||^ ^ ^\\u* -u\\y, u,u* e 


Indeed, the contraction T has a unique fixed point, which is nothing but y|A^x[o,i]- 

Proof of Sub-Lemma. Let ue For each {9,r',f) e A^ x [0,1], we have \\u{9,r',t)\\ ^ 
Iilki|lco(A^x[o,i]) ^ ll'^lly ^ e=>=hlla,Lo ^ ^0 “ ^ by dEI]) and d^, thus 

U{9y,t) := {9y + u{9,r',t))eKf^. (D.6) 


Therefore, the function v: A^ x [0,1] ^ M"' is well-defined as u = —rj ■ [if oU). 

For each i = l,...,n, we can apply Proposition A.l of |MS03j to the composition 
ifioU: the function iftoU belongs to G“’'^(A^ x [0,1]) and ||V’i o ^ \\'^i\\a,LQ,Ro 

because 


E 


lV\‘ 






■||^^b^fc|lc'0(A" x[0,l]) 




ra 

^0 


{2n + iy 


-1 ’ 


A: = 1,..., 2n 


(D.7) 


(indeed: for /c ^ re, the left-hand side of (ID.7P is L" = 2 ^+T 2 n°+i)^-i (|D.2p . and for 

k = n -\- j with 1 ^ j ^ re, the left-hand side is ^ L" -I- ^ L“ -I- and 

J^OL j. 

^II^IL.Lo ^ 2 "+h 2 n°+i)"-i )- Therefore, by the algebra norm property, Vi e G“’-^(A^ x [0,1]) 

and \\vi\\^^L,R ^ \\v\\a,Lo\\^i\\a,Lo,Ro^ bence ve^. 

Let us now suppose that we are given u,u* e ^ and consider the difference between 
v* := J'(re*) and v := J'(re). We have v* — Vi = Xlj=i T7i,j(re* — Uj) for each z = 1,..., re, 
with ^ 

Mij(9,r',t) :=-r]{t) \ dn+j'yioLfs[9,r',f)(ls, j = l,...,re, 

Jo 
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where, for each s e [0,1], Us{0,r',t) := {6,r' + (1 — s)u{9,r',t) + su*{9,r',t)) e 
by (ID.op . 

On the one hand dn+jil^i e and 




(D.8) 


i=i 


by pB.ll) . On the other hand 

^|£| q : j^a 

Yi -^\\^^s,k\\co{Aix[o,i]) ^ 2«f2n + D"-! ’ ^ 

teN2"+i,£#0 ■ ^ ^ 


, 2n, s e [0,1] 


(same verification as for pD.TD ). Thus, we can apply again Proposition A.l of [MSn3] : we 
get dn+j'tpi oUsB G“’-^(A^ X [0,1]) and \\dn+j^i o ^ 

Therefore, Mij e G“’'^(A^ x [0,1]) for each (i,j) and, in view of the algebra norm 
property and pP.Sp . 


2^ 2^ 1 

2ll^-^idlL,L,H ^ ll^lla,Lo ^ ^ ^ 

i,j i 0 0 

by (ID.ll) and (ID.3p . whence it follows that ||u* — u||y ^ Yji j\\^i,j\\a L ~'^oWa L R 

^||u* — u\\y. 
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